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On the seventeenth day of December nineteen hundred and four,
Edward Dean Adams, of New York, established in Columbin
University “ The Ernest Kempton Adams Fund for Physical
Research ” as a memorial to bis son, Ernest Kempton Adams,
who received the degrees of Electrical Engineering in 1887 and
Master of Arts in 1888, and who devoted his life to seientific re=
search. The income of this fund is, by the terms of the deed of
gifi, to be devoted to the maintenance of a research fellowship and
to the publication and distribution of the results of scientific re-
search on the part of the fellow. A generous interpretation of
the terms of the deed on the part of Mr. Adams and of the Trus-
tees of the University has made it possible to print and distribute
the following lectures as a publication of the Krnest Kempton
Adams Fund :
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1

ELEMENTARY INVESTIGATION OF THE GEO-
METRIC PROPERTIES OF HYDRO-
DYNAMIC FIELDS.

INTRODUCTORY.

The idea of eleotric and magnetic fields of force was intro-
duced by FaraDay to aveid the mysterious idea of an action at
a distance. After the victory which MAXWELL% theory gained
through the experiments of Herrz, the idea of these fields took
its place among the most fruitful of theoretical physics,

And yet if we ask, what is an electric or a magnetic field of
force ? no one will be able to give a satisfactory answer, We have
thearies relating to these fields, but we have no idea whatever of
what they are intrinsically, nor even the slightest idea of the path
to follow in order to discover their true nature.  Above all other
problems which are related to fields of force, and which ceeupy
investigators daily, we have therefore ihe problem of fields of
foree, viz., the problem of their true nature.

My ]eutureﬂ will not give the solution of this problem, but T
should be happy if they should comubute toa broadening of our
view of it, 4

What I wich to insist upon especially, is this. Besides eleo-
tric and magnetic fields there exist other fields which have strik-
ingly analogous properties, and which have, therefore, exactly the
same claim to be ealled fields of force. ‘The investigation of these
other fields side by side with the electric and maguetic fields will
be advantageous, T think, in broadening our view of the prablem,
especially as the true nature of these other fields of force is per-
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2 FIELDS OF FORCE.

feetly plain and intelligible, as intelligible, at least, as anything
can be in the limited state of our power of understanding.

These other fields of force exist in°material media which are
in suitable states of motion. They are perfectly intelligible in
this sense, that their properties can be deduced from the principles
of dypamics, For the special case when the material medium is &
perfeot fluid, the properties of these fields have been extensively
explored, and therefore our main subject will be the investigation
of the properties of hydrodynamic fields of force and their com-
parison with electric or magnetic fields,

The results which I shall bring before you were discovered
originally by my late father, Professor C. A. Bierkwes, of Chris-
tiania. But I will bring into application here new methods, which
allow us to find the results with much greater generality, and at the
same Lime with greater facility.*

My lectures will be divided into two parts, The first two lee-
tures will be devoted to the development of the properties of hy-
drodynamic fields by elementary reasoning and experiment ; the
following lectures will give the analytical investigation of the same
subject, based upon EULER's equations of motion for a perfeet
fluid and MaxweLr's equations for the electromagnetic field.

1. Field-vectors.— The electrio field may be described in the
simplest case by either of two veotors, the electrio fhue (or dis-
placement), or the elestrie field infensily (or force). In the same
way the magnetic field may be described by the magnetic fua (or
induction), or the magnetic fleld intensity (or force). The flux and
the field intensity will differ from each other only by a constant
factor, the electric or the magnetic inductivity of the medium which

“supports the field, the lux being always the product of the field
intensity into the inductivity.

* For the historical development of C. A, Bjerknes’ idess compare v. Bjerknes ;
€ A Bjerbnes, Gedtichinisarede gahalien in der Gusellehaft der Wisemsehuglen s
Chrigtianiz am Aprii, 1908, German wanslation, Leipzig, 1903, For the de-
wvelopment of the theory according to C. A. Bjerknes’ methods, and for more

. complete description of instruments and experi soe v, Bjerines, Vorlesungen

iiher yctrodgnamische Fernkriifte nagh C. A, Bjerknes Theorie. Vols. I and II,
Leipsig, 1900-02,
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On the other hand, the field of motion in any moving liquid
may also be described by either of two vectors, which are
related to each other in the same way as the flux and the field
intensity of electric or magnetic fields. The first of these
vectors is the velocity, and the other the produst of the velocity
into the density. As to its dynamical significance, this vector is
the momentum per unit volume or the spesific momentum in the
moving fluid.

In hydrodynamics we thus meet with two vectors which are
connected in a similar way as the flox and the field intensity in the
elestric or magnetic field. This parallelism at once invites a com-
parison. There is only the question as to how the different vee-
Lors should be paired, and this ean be answered only by a closer
analysis of their properties. This brings us to the question of our
knowledge of the fields,

2, Geometric and Dynamic Properties of the Fields.— The extent
of our knowledge of the different kinds of fields differs greatly. All
the properties of the hydrodynamic fields follow directly from the
most trustworthy laws of nature, that is from the principle of the
conservation of the mass, and from the principles of dynamice.
With reference to electric or magnetic fields, on the contrary, we
have only formal theories. First, we have an extensively devel-
oped geometrie theory of the distribution in spuce of the veclors
which describe the field. And then, in a more or less superficial
connection to this geometric theory, we havé a very much less
developed theory of the dynamis properties of the fields,

Taking the facts as they lie:before us, we shall be obliged,
therefore, to give to our, theory a dualistic form, comparing
separately the geomotric and the dynamic properties of the two
kinds of fields. It may be reserved for the future to penetrate to
the central point, where the geometry and the dynamies of the
question are perfectly united, and thus make the comparizon of
the two kinds of fields perfectly easy.

In this lecture we will consider the geometric properties of the
fields.
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3. Properties of the Field Veclors at a Surface of Separation.—
A characteristic geometrioal property of the vectors at a sarface of
separation of two media shows at once how the fluxes and feld
intensities should be paired with the hydrodynamic vectors. As
is well known, at a surface of separation the normal component
of the flux is always continuous, while the normal component of
the field intensity is necessarily discontinuous, if the induetivity
suddenly changes at the surface. On the other hand, at any sur-
fice of separation in a moving lignid the novmal cowponent of the
veloeity is continuous, corresponding to the normal component of
the flux, Otherwise we should have at the surface either creation
or annihilation of matter, or a break in the continuity, both of
which we consider excluded. From the continuity of the normal
component of the velocity follows the discontinuity of the specific
momentum for the case where the density of the fluid suddenly
changes ab the surface. This vector, therefore, has a discontinuity
gimilar to that of the field intensity, and it follows at once that the
correspondence of the veators is possible if the velocity correspond
to the flux and the specific momentum to the field intensity. Fur-
ther, as the flux is the product of the field intensity into the induo-
tivity, it also follows that not the deusity, but the reciprocal of the
density, or the specific volume, correspends to the inductivity.

Just as the density gives the measure of the inert resistance of
the matter to the maotion, the specific volume gives the measure of
the readiness of ihe matter to take motion. The specific volume
may therefore also be termed the mobilify of the fluid, We thus
get the correspondence :

E e SR RO PSR ilux,
specific momentum . field intensity,
mobility. ... .. induetivity.

‘We have now to examine more closely the content of this
correspondence.

4. Charged Particle— Expanding or Contracting Partiels, —
Tet us start with the simplest objeot met with in the first investi-
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gations of electricity, namely, with an electrically charged particle,
In the field belonging to this particle the vectors are directed
radially outwards if the particle has a positive, and radially in-
wards if it has & negative charge, and their intensity decreases as
the inverse square of the distance,

It is seen at once that an expanding particle which is contained
in an incompressible fluid, such as water, will produce a field of
exactly the same geometrical nature as the field belonging to the
positively charged particle. It will produce a radial current
directed outwards, in which, as a consequence of the incompressi-
bility, the velocity, and therefore the specific momentum will de-
crease as the inverse square of the distance. In like manner a con-
tracting particle will be surrounded by a eurrent directed radially
inwards, and will thus correspond to a negatively eharged particle
(see Fig. 4, a and &, below).

This comparison of a radial electric and a radial hydrodynamic
field has one difficulty, however. The idea of an always expand-
ing, or of an always contracting particle, is impossible. Therefore
to make the comparison possible, not only for & moment, but for
any length of time, we are obliged to consider a motion of peri-
odic expansions and contractions, or a pulsating motion. In this
case there will be no absolute difference between a positive and o
negative pulsating body. But two pulsating bodies may be in
exactly the same mutual relation to each other as an expanding
and’ a contracting body. For if they are pulsating in oppo-
site phase, the one will always be expanding while the other is
contracting, and viee verss. Weican then distinguish these two
pulsating bodies from each, other by opposite signs, just as we
do two oppositely charged particles, and we oan represent the
inean state of motion in the surrounding radial field by a vector
directed outwards from the pulsating particle which we call, by
convention, positive, and inwards to-the pulsating particle which
we call negative,

5. Compler Fields. — 1f we consider two charged particles
whose dimensions are sufficiently small in comparison to the dis-
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tance belween them, a field is produced which is the simple resull

of the superposition of the two radial fields. The lines of force of
the complex fields may be found by the well-known eonstructions
of superposition. The results are the well known curves running
from ome charged particle to the other for the case of opposite
charges, and the diverging curves with a neatral point between
the two charged particles for the case of charges of the same sign
(see Figs. b and 6 below).

In exactly the same way, if we consider two particles which
have a motion of expansion or contraction and which are suffi-
ciently small in comparison to the distance between them, the
radial currents produced by each will simply be superposed, and
the current lines, by which the complex field may be represented,
ean be found by exactly the same construction as in the case of the
corresponding electrie fields. And this result may be transferred
at once to the case of vibratory motion ; particles pulsating in the
same phase, expanding simultaneously and contracting simul-
taneously, will give a field corresponding geometrically to that
produced by particles carrying charges of the same sign, and
oppositely pulsating particles will produce a field corresponding
geometrically to that produced by particles which carry opposite
charges.

Just as we combine the fields of two charged particles, we can
combine the fields of any number of charged particles, and to a field
of any complexity obtained in this way we can construct a corre-
sponding hydrodynamic field, obtained by the combination of the
fields of the corresponding system of expanding and contracting
particles, or of pulsating particles for the case of vibratory motion.
An extensive geometric analogy between hydrodynamic and elec-
trostatio fields is thus found.

6. Intvinsically Polarized Bodies. Osoillating Bodies, — What
we have said of electrified particles and the electric fields produved
by them may be repeated for magnetic poles and the correspond-
ing magnetic fields. But now the reservation must be made, that
magnetic poles are in reality mere fictions, For a distribution of
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magnetic poles we can, however, subelitute a state of intrinsic
polarization, which may be considered as the real origin of the
magnetic field. Buch states of intrinsic polarization are also met
with in electricity. Thus the pyro-electric erystal seems to give a
perfect electric analogy to the permanent magnet.

Let us now for the system of magnetic poles, by which a mag-
net can be represented symbolieally, substitute the corresponding
system of expanding and contracting particles. In the region of
the fluid which corresponds to the magnet the total sum of ex-
pansions and contractions will be zero. But the field produced
in the exterior space by these expansione and contractions may
also be produced by quite another interior motion, involving no
expansion or contraction at all. Tor consider a closed sarface
congisting of fluid particles, and surrounding the region of the
fluid which corresponds to the magnet, This material eurface has
a certain motion ; it will advance on that side where the expand-
ing particles are situated, and recede on that side where the con-
tracting particles are situated. The result is a motion of the sur-
face as a whole, directed from the regions of contraction towards
the regions of expansion. And, as the sum of the expansions and
the contractions is zero, the volume within the surfice will remain
unchanged during this motion.

Now the motion produced ouigide the surface will be entirely
independent of what goes on within it, provided only that the
motion of the surface itself remains unchanged. We can there-
fore do away with the expansions and contractions, and suppose
the volume within the surface filléd with an incompressible fluid,
subject to the action of forces which give these fluid masses a
motion eongistent with the required motion of the surfuce.

‘We have thus arrived at the following result : a motion of in-
compressible fluid masses, produced by suitable forees, can be
fonnd, which will set up an exterior fleld similar to that set up by
a system of expanding and contracting particles, provided that the
sum of the expansions and contractions is zero. And thisequivalence
oorresponds exaotly to the equivalenee between the representation
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of & magnet by a distribution of poles, and by a state of intrinsic
polarization, The hydrodynamic model of a body in a state of
intrinsic polarization is, therefore, a body consisting of incompressi-
ble fluid masses, moved through the surrounding fluid by suitable
exterior forces (see Fig. 8 helow).

We have congidered here, for simplicity, only the instantaneous
state of motion. In the case of periodic motion we get an equiv-
alence between a system of oppesifely pulsating particles and a
fluid body which takes forced oscillations under the influence of
suitable exterior forces.

7. Flields in Heterogencous Media, — The results already de-
veloped depend, essentially, upon the supposition that the fluid
surrounding the moving bodies is homogeneous and incompres-
gible. The ease when it is heterogeneous must be examined
separately. That the heterogeneity has an influence upon the
geometric configuration of the field, is obvious, For only when
the fluid is perfectly homogeneous will thers exist that perfect
symmetry in the space surrounding an expanding particle, which
entitles us to conclude that a perfectly symmetrieal radial eurrent
will arise, But if on one side of the expahding particle there ex-
ists a region where the fluid has a different density, the symmetry is
lost, and it is to be expected that the configuration of the field
will be influenced by this fact, On the other hand, as is well
koown, any heterogeneity of the dielectric has a marked influence
upon the geometric configuration of the electrie field, giving rise
to the phenomena of electrification by influence.

Now, will the influence of the heterogeneity in the two cases be
of similar nature? To examine this question we shall have to
develop a very simple principle relating to the dynamies of fluids,
our considerations above having been based only on the principle
of the conservation of mass.

8. Principle of Kinetic Buoyaney.—Consider u eylinder, with axis
wertical, containing a body and, apart from the body, eompletely
filled with water. The condition of equilibrium will depend upon
the buoyancy, according to the Archimedian principle, 1f the body
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has exactly the density of the water, the buoyaney will balance the
weight of the bedy, and it will remain in equilibrium in any posi-
tion. If it be lighter, its buoyancy will be greater than its weight,
and it will tend to move upwards, If it be heavier, its buoyancy
will be less than its weight, and it will tend to move downwards.
Thus, if we have three eylinders, each containing one of three such
bodies, the light body will rise to the top, the heavy body will
sink to the bottom, and the body of the same density as the water
will remain in any position.

This static buoyancy depends upon the action of gravity.
But there exists a corresponding dypamic buoyauncy, which is
easily observed as follows: To do away with the influence of
gravity, lay the cylinders with their axes horizontal, and let the
bodies be in the middle of the cylinders. Then give each cyl-
inder a blow, so that they move suddenly five or ten centimeters
in the direction of their axes. The following results will then be
observed : -

1. The body which is lighter than the water has moved
towards the front end of its cylinder, and thus has had a moiion
through the water in the direction of the motion of the water,

2. The body which has the same density as the water has
moved exactly the same distance as the water, and thue retained
its position relative to the water. .

3. The body which is heavier than the water has moved a
shorter distance thar its cylinder, and thus has had a motion
through the water against the direction of motion of the water,

If we give the cylinders a series of bloivs, the light body will
advance through the water until it stops against the front end, The
body of the same density as the water will retain its place, and the
heavy body will move backwards relatively to the cylinder, until
it stops against the end. The effect is strikingly analogous to
the effect of statical buoyancy for the case of the cylinders with
vertical axes, and this analogy exists even in the quantitative
laws of the phenomenon,

These quantitative laws are complicated in case the bodies are

2
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free to move through the water, but exceedingly simple when they
ave held in an invariable position relative to the water by the
application of suitable exterior forces.

This exterior force is nil in the case when the body has the
same density as the water. The body then follows the motion of
the surrounding water masses, subject only to the foree resulting
from the pressure exerted by them. The motion of the body is
subject to the fundamental law of dynamics;

force = mass x acceleration, -

As the body has both the acceleration and the density of the
surrounding water masses, the force is equal to the product of the
acoeleration into the mass of the water displaced by the body.
And this law evidently will be true even for the heavy or the
light body, provided only that they are held by suitable forces at
vest relatively to the moving water.  For, the state of motion out-
side the body is then unchanged, and the pressure exerted by the
water against any surface does not at all depend upon the condi-
tions within the surface. Thus we find this general result, which
is perfoctly analogous to the Archimedian law :

Any body which partisipates in the translatory motion of a fluid
mass is subject o o kinetle buoyency equal to the product of the
acoeleration of the translatory motion multiplied by the mass of water
displaced by the body.

This law obviously gives also the value of the exterior foroe
which must. be applied in order to make the hody follow exactly
the motion of the fluid, just as the Archimedian law gives the
force which is necessary to prevent a body from rising or sinking.
This force iz nil, if the body has the same density as the water, it
is directed ngainst the direction of the acceleration, if the body is
lighter, and in the direction of the acceleration, if the body is
beavier. And, if no such foree act, we get the result, illustrated
by the experiment, that the light body moves faster than the
water and the heavy body slower, and thus, relatively, against the
water,
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9. Influence of Heterogencities in the Electric or Magnetic and
in the Analogous Hydrodynamic Field. — From the prineiple of
Kkinetic buoyaney we thus find the obvious law, that, in a hetero-
geneous fluid, masses of greater mobility take greater velocities.
The mobility therefore influences the distribution of velosity, just
as the inductivity influences the distribution’ of the flux in the
electric, or magnetic field. For at places of greater inductivity we
have greater electric, or magnetic flux.

To consider a simple example, let ug place in a hottle filled with
water a light sphere, a hollow celluloid ball, for instance, attached
below with a fine string.  And in another boitle let us suspend ina
similar manner a lead ball. If we shake the bottles, the celluloid
ball will take very lively oscillations, much greater than those of
the water, while the lead ball will remain almost at rest. With
respect to their induced oscillations, they behave, then, exaetly as
magnetic or diamagnetic bodies behave with respeet to the induced
magnetization when they are brought into a magnetic field ; the
light body takes greater oscillations than the water, just as the
magnetic body takes greater magnetization than the surrounding
medinm. The heavy body, on the other hand, takes smaller oscil-
lations than the water, just as the diamagnetic body takes smaller
magnetization than the surrounding medium, And thus relatively,
the heavy body has oscillations opposite to those of the water, just
as the diamagnetic has a relative polarity opposite to that of the
surrounding medium, :

10. Refraction of the Lines of Flow. — The influence which the
greater velocity of the masses of greater mobility has upon the
course of the tubes of How is obwious. At places of greater
velacity the tubes of flow narrow, and at places of smaller velocity
widen. They will thus be narrow at places of great, and wide at
places of small mability, just as the tubes of flux in the elestric or
magnetic field are narrow at places of great, and wide at places of
small inductivity, Tf wé limit onrselves to the consideration of
the most practical case, when the values of the mobility or of the
inductivity change abruptly at certain surfaces, we can easily prove
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that the influence of the heterogeneity in the two kinds of fields
corresponds not only qualitativity but quantitatively.

‘We suppose that the bodies which have other density than the
surrounding fluid are themselves fluid. It is only in experiments
that, for practical reasons, we must always use rigid bodies. At the
surfuce of separation between the surrounding fluid and the fuid
bady the pressure must have the same value on both sides of the
surface. Thisis an immediate consequence of the principle of equal
action and resction, From the equality of the pressure an both
sides of the surface it follows, that the rate of desrease of the pres-
sare in direction tangential to the surface is also equal at adjacent
points on each side of the surface, But this rate of decrease ie the
gradient, or the force per unit volume, in the moving fluid. And,
as the acceleration produced by the force per unit volume is in-
versely proportional to the density, we find that the tangential ac-
celeration on the two sides of the surfice of separation will be
inversely proportional to the density. Or, what is the same thing,
the product of the tangential acceleration into the density will have the
sume value on both sides of the surfuce.

From this result there can not at once be drawn a general eon-
clusion on the relation of the tangential components of the velocity,
or of the specific momentum. For two adjacent particles, which
are accelerated according to this law, will at the next moment no
longer be adjucent. 1f, however, the motion be periodic, so that
every particle has an invariable mean position, then adjacent par-
ticles will remain adjacent particles, and from the equality of the
tangential components of the products of the ascelerations into the
densities at once follows the equality of the tangential com ponents
of the products of the velocities into the densities. Thus,

In the case of vibratory motion the specifia momentum has con-
tinuous Eangential components at the surface of separation of two
media of different mobility, ’

The law for the specific momentum is thus exactly the same
as for the elestric or magnetic field intensities, which have con-
tinuous tangential components at the surface of separation of two
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media of different inductivity. As we have already found (3),

the Jaw for the velosity is the same as for the electric or the mag-

netic flux,  We see then, that the conditious fulfilled at a surfice

of separation by the hydrodynamic vectors on the one hand, and

by the electric or magnetic vectors on the other, are identically

the same. The lines of flow and the lines of flux will show

exactly the same peculiarity in passing a surface of separation.

And, as is shown in all treatises on electricity, this peculiarity

consists in a refraction of the lines so that the tangents of the

angles of incidence and refraction are in the same ratio as the indue- -
tivities on the two sides of the surfpoe. Tn the hydrodynamie

case these tangents will be in the same ratio as the mobilities on

the two sides of the sarface. This refraction gives to the tubes of
flow or of flux the sudden change of section which corresponds ta
the incrense or decrease of the veloeity or of the flux in passing
feom one medium into the other,

This refraction of the hydrodynamic lines of flow according tor
the same law as that of the refraction of the electric or magnetic
lines of force is a phenomenon met with daily in the motion of super--
imposed liguids of different specific weights. TfT suddenly move &
glass partly filled with mercury and partly with water, the mereury
rises along the rear wall of the glass, while the water sinks in front.
During the first instant of the motion, before we get. the oscillations
due to gravity, the law of the refraction of the tubes of fow is ful-
filled ut the surface of separation. Whatever be the course of the
tubes of flow at a distance from the surface; ab the sucface they
will be refracted so that the tangents of the angles of incidence
and of refraction are in the ratio of the mobilities of the mereury
and of the water, or in the inverse ratio of their densities, 1 : 13,

We get: the same law of refraction at the surface of separation
of water and air, the tangents of the angles being then in the
valio, 1:700. The accident of daily ocourrence, in which a glass
of water flows over as the result of sudden mation, is thus the conse-
quence of a law strictly analogous to that of the refraction of the
eleetric or magnetic lines of force.
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11, Experimental Verifivations. — We have been able. from
kinematic and dynamic principles of the simplest nature ta show
the existence of an extended analogy in the geometric praperties of

the electrie or magnetic, and hydrodyvamic fields. The dynamic.

principles which form the basis of this analogy we have illus-
trated by experiments of the simplest possible nature. But even
though we have perfect faith in the truth of the results, it is
desirable to see direct verifications of them, Some experiments
have been made towards finding verifications, but not as many,
however, as might have been desirable, :

"These experiments were made with water motions of vibra-
tory natire, produced by pulsating or oscillating bodies, using
instruments constructed mainly for the investigation of the dyna-
mic properties of the field, which will be the subject of the next
lecture.  Such’ pulsations and oscillations can easily be produced
by a pneumatic arrangement involving a generator which pro-
duces an alternating current of air.,

12, The Génerator—A generator of this kind consists of two
small air pumps of the simplest possible construction, without
valves, To avoid metal work we can simply use drums,
covered with rubber membranes, which are alternately pressed in
and drawn out.  These pymps should be arranged so that they
can work in either the same or in opposite phase, and so0 that the
amplitudes of the strokes of each pump can be varied indepen-
dently of the other. For convenience, it should be possible to
reverse the phase and vary the amplitudes without interrupting
the motion of the generator.

In Fig. 1 is shown a generator, arranged to fulfill these con-
ditions.  In a wooden base are fixed two vertical steel or brass
springs, s, which are joined by the horizontal connecting-rod, b.
The upper ends of these springs are connected by the piston-rods,
a, to the pistons of the air-pumps, which are supported on a
wooden frame in such a way that each is free to turn about a
horizontal axis, o, passing through the top of the ecorresponding
spring perpendicular to the piston-rod. Thus either pump can be
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revolved through 180° or through a smaller angle, without
stopping the pumps. The amplitude of the strokes in any posi-
tion is proportional to the cosine of this angle, since the compo-
nent of the motion of the top of the spring along the axis of the
oylinder is proportional to this cosine. At 90° thé amplitade is 0,
and the phase changes, so that by a simple rotation we are able to-
reverse the phase, or vary the amplitude of either, or both pumps.

The generator may be driven by a motor of enitable nature,
attached to the frame. As shown in the figure, we may use a
fly-wheel, d, carrying a erank which drives the springs, using an

Fra. 1.

electrio’ motor, or any other suitable source, for motive power.
The use of the crank has the advantage that the amplitudes of the
oscillations of the springs are invariable and independent of the
resistance to the motion. Tt should be noted here, that, with the
crank, the springs may be used simply as rigid levers, by loosen-
ing the serews, m, which hold them in the base. The springs are
then free to turn about a pivot just below the screws.

A hydraulic motor might also be used to drive the generator,
Two coaxial brass eylinders, open at the same end, are so ar-
ranged that the inner projects slightly beyond the outer. A rubber
membrane is stretched over the open ends of the two tubes, so
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that water admitted to the outer cylinder cannot pass into the
inner eylinder without pressing out the membrane. Under suita-
ble circumstances, this produces a vibration of the membrane,

Fia, 2. ¥ie. 8

which can be communicated to the pumps by the connecting-rods.
The period will depend upon the tension of the membrane, the
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stiffiess of the springs, and the length and seetion of the dis-
charge-pipe. An electromagnetic vibrator is often convenient for
driving the generator. .

13. Pulsalor. Oscillator. — For a pulsating body we may use
an india-rubber balloon attached to one end of a metal tube, the
other end of which ie connected by a rubber tube with one of
the pumps of the generator.  As the balloon often takes irregular
forms and motions, it is vsually more convenient to let the tube
end in a drum, which is covered on each side with a rubber
membrane. A diagram is given in Fig. 2.

A convenient form of oseillator is shown in Fig. 8. The oscil-
lating body is a hollow celluloid sphere, a, made in two halves,
and attached to a tube of the same material, b, which reaches
above the surface of the water. A metal tube, ¢, connected with
one pump of the generator, supports the sphere by pivots at A, and
terminates in & heavy drum, d, in the center of the sphere. The
rubber membrane, ¢, is connected with one side of the sphere by a
rod, f, so that the alternating air eurrent produces oscillations in
the sphere and in the drum. The sphere is made as light as pos-
sible and the drum heavy, so that, while the former takes large
oscillations, the latter will take very small oscillations because of
its greater mass. For convenience in recognizing the axis of
oscillation the two halves of the sphere may be painted in differ-
ent colors, so that, at any moment, the advancing hemisphere is
one color and the receding hémisphere another.  Thus, two oseil-
lators connected with pumps in the same phase have hemispheres
of the same color advancing simalfaneously.

14. Tnstrument for the Registering of Water Oscillations.—
‘When a pulsating or an oseillating hudy", like one of those just de-
seribed, is placed in the water, the motion produced by it eannot
be seen, as an obvious consequence of the transparency of the
water. This motion can, however, be observed indirectly in
several ways. For example, we can suspend small particles in
the water and observe their motions, and we might even succeed
in getting photographs of the paths of oscillation of the suspended

g
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particles. This method has, hawever, never been used, and may
involve difficulties because of the small amplitudes of the oscilla-
tions.

A more mechanical method, depending vpon the principle of
kinetie buoyancy, is preferable. A body which is situated in the
oscillating masses of fluid will be subject to a periodic kinetio
buayancy which tries to set up in it vscillations of the game direc-
tion as those of the water. The amplitudes of the oscillations
produced will, however, generally be minute, but they may be in-
creased by resonance. The bedy is fixed upon an’elastic wire, and
the period of the generator varied until it accords with the period
of the free vibrations of the body. The amplitude of the oseilla-
tions of the bady is then greatly increased.

The body is made to carry a hair pencil, which reaches above the
surfuce of the water. One or two millimeters above the point of
the brush is placed a horizontal glass plate, resting upon springs.
‘When the body has acquired large oscillations, the glass plate may
be pressed down and the brush marks an ink line upon it. The
registering device is then moved to another place in the fluid, and
the direction of the water oscillations at this place recorded on the
glass plate, and so on.  In this way complete diagrams of the lines
of oscillation in the fluid are obtained.

15. Diagrams of Hydrodynamic and Corvesponding Magnetic
Fields—TFigs. 4-8, a, give diagrams of hydrodynamic fields oh-
tained in this way, while Figs. 4-8, b, give the diagrams of the
corresponding magnetic fields, obtained in the well known way
with iron filings.

Fig, 4, a, gives the radial lines of oscillation obtained in the
space around a pulsating body, while Fig. 4, b, gives the corre-
sponding magnetic lines of force issuing from one pole of a long
bar magnet.

Fig. 5, a, gives the lines of oscillation produced in the fuid by
two bodies pulsating in the same phase. They represent the meet-
ing of two radial currents issuing from two centers, Fig. &,
b, gives the perfectly analogous representation of the magnetic lines
of foree issuing from two magnetio pales of the same sign.
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Fig. 6, a, gives the lines of oscillation produced in the fluid by
two bodies pulsating in opposite phase. The diagram gives the
pepresentation of a current which diverges from one pulsating body
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and converges toward the other. Fig. 6, b, gives the perfectly
analogous representation of the magnetic lines of force produced
by two magnetic poles of opposite sign.

Flg 7'.“’ gives the more complivaled representation of the line
of oscillation produced in the water by a combination of three pul-
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sating bodies, two pulsating in the same phase, and one in the
opposite, and Fig. 7, b, gives the perfectly analogous representa-
tion of the magnetic lines of force produced by three magnetio
poles, of which two have the same sign, and one the opposite,
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Finally, Fig. 8, a, gives the lines of osvillation produced in the
fluid by an oscillating body, and Fig. 8, &, the corresponding lines
of magnetic foree produced by a short magnei.
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These figures show very fully the analogy in the geometry of
the fields produced, on the one hand, by magnetic poles or magneis
in a surrounding homogeneous medium, and, on the other hand,
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by pulsating or oscillating bodies in a surrounding homogeneous
fluid.  The experimental demonsiration of the analogy for the case
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when the medium surrounding the magnets and the fluid surround-
ing the pulsating or oscillating bodies contain heterogeneitiesis more
delicate. In the hydrodynamic case the heterogeneities should be
fluid, and it is practically impossible, on account of the action of
gravity, to have a fluid mass of given shape flowing freely in a
fluid of other density. If for the fluid bodies we substitate rigid
bodies, suspended from above or anchared from below, according to
their density, it is easily seen, by means of our registering device,
that the lines of oscillation have a tendenoy to converge toward the
light, and to diverge from the heavy hodies. But this registering
devioe cannot be brought sufficiently near these bodies to show
the curves in their immediate neighborhood. Here the ohserva-
tion of the oscillations of small suspended particles would probably
be the best method to employ. Experiments which we shall per-
form later will give, however, indirect proofs that the fields have
exactly the expected charaoter.

16. On Possible Ewxtensions of the A'rm[ngy, ‘We have thus
found, by elementary reasoning, u very complete analogy between
the geometric properties of hydrodynamic fields and electric or
magnetic fields for the dase of statical phenomena.  And, to some
extent, we have verified these results by experiments.

It is a natural question then, does the analogy extend Lo fields
of greater generality, or to fields of electromagnetism of the most
general nature? In discossing this question further an introdue-
tory remark is important. The formal analogy which exists be-
tween eleotrostatic and magnetic fields has made it possible for
us o compare the hydrodynamic fields congidered with both elec-
trostatic and maguetic fields, 1f there exists a perfect hydro-
dynamic analogy to electromagnetic phenomena, the hydrodynamic
fields considered will, presumably, turn out to be analogous either
to electrostatic fields only, or to magnetic fields only, but not to
bath at the same time. The question therefore ean now be raiged,
would our hydrodynamic fields in an eventually extended analogy
correspond to the electrostatio or the magnetio fields? To this it
must be answered, it is very probable that only the analogy to the
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electrostatic fields will hold.  As an obvious argument, it may he
emphasized that the hydrodynamic fields have exactly the gener-
ality of electrostatic fields, but greater generality than magnetic
fields. The analogy to magnetism will take the right form only
when the restriction is introduced, that changes of volume are to be
excluded. Otherwise, we shoald arrive at a theory of magnetizm
where isolated magnetic poles could exist. To this argument
others may be added later,

But in spite of this, the formal analogy of the electric and mag-
netic fields makes it possible to formally compare hydrodynamic
fields with magnetic fields. And this will often be preferable, for
practical reasons, This will be the case in the following discus-
gion, because the iden of the electric eurrent is much more familiar
to us than the idea of the magnetic current, in spite of the formal
analogy of these two currents,

Let us eompare, then, the hydrodynamic fields hitherto consid-
ered with magnetic fields produced by steel magnets. The lines of
force of these fields always pass through the magnets which produce
them, just as the corresponding hydrodynamic curves pass through
the moving bodies which produce the motion. The magnetic lines
of foree produced by electrio currents, on the other hand, are gener-
ally closed in the exterior space, and need not pass at all through
the conductors carrying the enrrents, To take a simple ease, the
lines of force produced by un infinite rectilinear current are circles
around the current as an axis. y

“Tf it should be possible to exl,end the analogy so as to include
aleo the simplest electromagnetic flelds, we would have to look for
hydrodynamic fields with cldsed lines of flow which do not pass
through the bodies producing the motion. It is easily precon-
ceived, that if the condition of the oscillatory nature of the fluid
motion be insisted upon, the required motion cannoi be pro-
duced by fluid pressure in a perfect fluid. A cylinder, for
instance, making rotary oscillations around its axis will produce
no motion at all in a perfect flnid. Quite the contrary is true,
if the fluid be wiscous, or if it have a suitable transverse elasticity,

4
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as does an aqueous solution of gelatine,  But, as we shall limit
ourselves to the consideration of perfect fluids, we shall not con-
sider the phenomena in such media.

17. Deached Hydrodynimic Analogy to the Fields of Stationary
Electromagnetism, — A direct continuation of our analogy is thus
made impossible. It is a very remarkable fact, however, that
there exist hydrodynamic fields which are geometrically analogous to
the fields of stationary electric currents, But to get these fields
we must give up the condition, usually ingisted upon, that the
motion be of osoillatory nature. We thus arrive at an inde-
pendent analogy, which has & considerable interest in itself, but
which is no immediate continuation of that considered above.

Fra. .

This analogy is that discovered by v. Hermmorrsz in lis
research on the vortex motion of perfect fluids. Aceording to-hie
celebrated rvesults, a vortex can be compared with an electric cur-
rent, and the fluid field surrounding the vortex will then be in
exactly the same relation to the vortex as the magnetic field is
to the electric current which produces it.

To consider culy the case of rectilinear vortices, the field of one
rectilinear vortex is represented by concentric circles. And this
field corresponds to the magnetic field of a rectilinear current,
The hydrodynamic field of two rectilinear patallel vortices which
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have the same direstion of rotation is shown in Fig. 9, and this
field is strictly analogous to the magnetio field of two rectilinear
parallel eurrents in the same direction, Fig. 10 gives ti}e hydro-
dynamic field of two rectilinear parallel vortices which have
opposite directions of rotation, and it is stricl.];la a.ml\lugﬂua to the
magnetic field of two electric currents of opposite direction.
Fields of this nature ean be easily produced in water by rotat-
ing rigid cylinders, and observed by the motion of sl\apemiu.i par-
ticles. At the same time, each cylinder forms an obstruction in
the field produced by the other. If only one cylinder be rotating,

Fia, 10, ’

the lines of flow produced by it will be deflected so that they run
tangentially to the surface of the other. The cylinder at rest thus
influences the field just as a cylinder of infinite diamagnetivity
would influence the magnetic field. The rotating eylinders there-
fore correspond to conduetors for electrio currents, which are con-
structed in a material of infinite dinmagnetivity.
This analogy to electromaguetism is limited in itself, apart

from its divergence from the analogy econsidered previously.
The extreme diamagnetivity of the bodies is one limitation, An-
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other limitation follows from Helmholiz's celebrated theorem,

that vortices do not vary in intensity. Therefore phendmena
corresponding to those of electromagnetic induction are excluded.

Whichever view we take of the subject, the hydrodynamic
analogies to electric and magnetic phenomena are thus limited in
extent, To get analogies of greater extent it seems necessary to
pass to media with other properties than those of perfect fluids.
But we will not try on this cceasion to look for further exten-
sions of the geometric analogies. We prefer to pass to an exami-
natipn of the dynamie propertics of the fields whose geometric
properties we have investigated.

1L

ELEMENTARY TNVESTIGATION OTF THE DYNAMI-
CAL PROPERTIES OF HYDRODYNAMIC FIELDS.

. 1. The Dynamics of the Electric.or the Mugnetiv Field. —Our
knowledge of the dynamics of the electric or magnetic field is
very incomplete, and will presumably remain so as long as the
true nature of the fields is unknown to us. Sad

What we know empirically of the dynamics of the electric or
maguetic field is this—bodies in the fields are scted upon by
forces which may be caleulated when we know the geametry of
the field. Under the influence of these forces the bodies may
take visible motions. But we have not the slightest idea of the
hidden dynamics upon which these visible dynamic phenomena -
depend.

FarapAy's idea, for inatance, of a tension parallel to, and a
pressure perpendienlar to the lines of foree, as well as MaxweLL's
mathematical translation of this idea, is merely hypothetical.
And even though this idea may contain more or less of the
truth, investigators have at all events noi yet succeeded in mak-
ing this dynamical theory a central one, from which all the

" properties of the fields, the geomelric, as well as the dynamic,

naturally develap, just as, for example, all properties of hydro-
dynamic fields, the geometric, ns well as the dynamic, develop
from the hydrodynamie equations. MaXWELL himself was very
well aware of this incompleteness of his theory, and he stated it
in the following words :

« Tt must be carefully born in mind that we have only made
one step in the theory of the action of the mediom. We have
supposed it to be in a state of stress but have not in any way ac-
counted for this stress, or explained how it is maintained. . . .

[ have not been able to make the next step, namely, to ac-

28
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count by mechanical considerations for these stresses in the di-
electric.”

In spite of all formal progress in the domain of MixwELL's
theory, these words are as true to-day as they were when Max-
WwELL wrole them. This ciroumstance makes it 5o much the more
interesting to enter into the dynamic properties of the hydrody-
namie fields, which have shown such remarkable analogy in their
geometric properties to the electrie or magnétio fields, in order to
see if with the analogy in the geameiric properties there will be
associated analogies in their dynamical properties. The question
is simply this:

Consider an electric, or magnetic field and the geometrically
corresponding hydrodynamic field, Will the bodies which pro-
duce the hydrodynamic field, namely, the pulsating or the osoillat-
ing bodies or the bodies which modify it, such as bodies of other
density than the surrounding fluid, be sabject to forces similar
to those acting on the corresponding bodies in the electric or
magnetic fields?

This question can be answered by a simple application of the
prineiple of kinetic buayancy.

2. Resultant Force against @ Pulsating Body in a Synehronousiy
Oscillating Ourrent. — Let us consider a body in the current pro-
duced by any system. of synehronously pulsating and oscillating
bodies. It will be continually subject to a kinetic buoyaney pro-
portional to the productof the acceleration of the fluid masses into
the mass of water displaced by it. If its volume be constant, so
that the displaced mass of water is constant, the force will be
strictly periodic, with a mean value zero in the period. Tt will
then be brought only into oscillation, and no progressive motion
will result. :

But if the body has a variable volume, the mass of water dis-
placed by it will not be constant. If the chunges of volume con-
sist in pulsations, synchronous with the pulsations, or oscillations,
of the distant bodies which produce the current, the displaced
mass of water will have a maximum when the acceleration has its
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maximum in one direction, and a minimum when the aceeleration
has its maximum in the opposite direciion. As is seen at once,
the force can then no longer have the mean value gero in the period.
Tt will have a mean value in the direction of the acceleration at the
time when the pulsating body has its maximum volume. We thus
find the result: -

A pulsating body in a synchronously oscillating current is subject
to the action of a resultant force, the direction of which is that of the
acceleration in the current at the time when the pulsating body has its
meeimum volume,

3. Mutual Atiraction and Repulsion between Two Pulsating
Bodies.—As a first application of this result, we may consider the
case of two synchronously pulsating bodies, Bach of them is in
the radial current produced by the other, and we have only to
examine the direction of the acceleration in this current. Kvi-
dently, this acceleration is directed outwards when the body pro-
ducing it has its minimum volume, and is therefore about to expand,
and is directed inwards when the body producing it has its maxi-
mum volume, and is therefore about to contract.

Let us consider first the case of two bodies puleating in the
same phase. They have then simultaneously their maximum vol-
umes, and the acceleration in the radial current produced by the
one body will thus be directed inwards, as regards itself, when the
other body has its maximum volume, The bodies will therefore
be driven towards each other; there will be an apparent mutual
atiraction. If, on the other hand, the bodies pulsate in opposite
phase, one will have ite maximum volume when the other has its
minimum volume. And therefore one will have its maximom vol-
ume when the radial acceleration is directed outward from the
other. The result, therefore, will be an apparent mutual repulsion,

As the force is proportional to the acceleration in the radial cor-
rent,and as the acceleration will decrease exactly as the velocity, pro-
portionally to the inverse square of the distance, the force itself
will also vary according to this law. On the other hand, it is
eagily seen that the force must also be proportional to two param-
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eters, which measure in a proper way the intensities of the pulsa-
tions of each body. Calling these parameters the @ intensities of
pulsation,” we find the following law :

Befween bodies pudsaiing in the same phase there is an apparent
atfraction ; between bodies pulsating in the vpposile phase there is an
apparend repulsion, the force being praportional do the product of the
two intensities of pulsation, and proportional o the inverse square of
the distance. g

4, Discussion,—We have thus deduced from the principle of
dynamic buoyancy, that is from our knowledge of the dynamics
of the hydrodynamic field, that there will be a force which moves
the pulsating bodies through the field, just as there exists, for
reasons unknown to us, a foree which moves a charged body
through the electric field. And the analogy is not limited to the
mere existence of the force. For the law enunciated above has
exactly the form of Courowmw’s law for the action between two
electrieally charged particles, with one striking difference ; the
direotion of the force in the hydrodynamie field is opposite to that
of the corresponding force in the electric or magnetic field, For
bodies pulsating in the same phase must be compared with bodies
charged with electricity of the same sign; and bodies pulsating
in the opposite phase must be compared with bodies charged with
opposite electricities.  This follows inevitably from the geometrical
analogy. For bodies pulsating in the same phase produce a field
of the same geometrical configuration as bodies charged with
the same eleciricity (Fig. 5, @ and b); and bodies pulsating in
opposite phase produce the same field as bodies charged with
opposite electricities (Fig. 6, @ and ).

This exception in the otherwise complete analogy is most aston-
ishing. But we cannot discover the reason for it in the present
limited state of our knowledge. We koow very well why the
force in the hydrodynamic field must have the direction indicated
— this is a simple consequence of the dynamics of the fluid. But
in our total ignorance of the internal dynamics of the eleetric or
magnetic field we cannot tell at all why the force in the electric
field has the divection which it has, and not the reverse,
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Thus, taking the facts as we find them, we arrive at the result
that with the geometrical analogy developed in the preceding lee-
ture there is associated an inverse dynamical analogy :

Pulsating bodies act upon each other as if they were elestrically
charged particles or magnetic poles, but with the difference that
eharges or poles of the same sign adtract, and charges or poles of
opposite sign repel each other.

6. Pulsation Balance—1In order to verify this result by experi-
ment an arrangement must be found by which a pulsating body
has o certain freedom to move, This may be obtained in different
ways. Thus a pulsator may be suspended as a pendulum by a
long india-rubber tube through which the air from the generator
is brought. Or it may be inserted in a torsion balance, made of
glass or metal tubing, and suspended by an india-rubber tube which
brings the air from the generator and at the same time serves as a
torsion wire. These simple arrangements have at the same time
ihe advantage that they allow rough quantitative measurements of
the force to be made. For good qualitative demonstrations the
following arrangement will generally be found preferable,

The air from the generator comes through the horizontal metal
tube, a, (Fig. 11), which is fixed in a support. The air channel
continues vertically through the metal piece &, which has the form
of a cylinder with vertical axis. At the top of this metal piece
and in the axis there is a conical hole, and the lower surface
is spherical with this hole as center. The movable part of the
instrument reats on an adjustable screw, pivoted in this hole, This
screw earries, by means of the arm ;il the little eylinder ¢, through
which the vertical air channel continues. The upper surface of this
eylinder is spherical, with the point of the serew as center. The
two epherical surfaces never touch each other, but by adjustment
of the sorew they may be brought so near each other that no sensi-
ble loss of air takes place. To the part of the instrument e~d,
which gives freedom of motion, the pulsator may be connected by
the tabe ¢/, the counter-weight maintaining the equilibrium. By
this arrangement, the pulsating body is free to move on a spherical

5
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surface with the pivot as center, and the equilibrium will be neutral
for a horizontal motion, and stable for a vertical motion.

6. Eeperiments with Pulsating Bodies.—Having one pulsator
in the pulsation balance, take another in the hand, and arrange the

.

generator for pulsations of the same phase, and we see at onee that
the two pulsating bodies attract each other (Fig. 12, a). This
attraction is easily seen with distances up to 10-15 em., or more,
and it is observed that the intensity of the force inereases rapidly

0O 60
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as the distance diminishes. The moment the relative phase of the

pulsations is changed, the attraction ceases, and an equally intense
repulsion appears (Fig. 12, &),  With the torsion balance it may
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be shown with tolerable aceuracy, that the force varies as the in-
verse square of the distance, and is proportional to two parameters,
the intensities of pulsation.

In this experiment the mean value only of the force and the
progressive motion produced by it are observed. By using very
slow pulsations with great amplitudes, a closer analysis of the phe-
nomenon is possible. It is then seen that the motion is not a
simple progressive one, but a dissymmetrie vibratory motion, in
which the oscillations in the one direction always exceed a little
the oscillations in the other, so that the result is the observed
progressive motion.

7. Adtion of an Oseillating Body wpon a Pulsating Body, —
Two oppositely pulsating bodies produce geometrically the same
field as two opposite magnetic poles. Geometrically, the field is
that of an elementary magnet, Into the field of these two oppo-
sitely pulsating bodies we can bring a third pulsating body.
Then, if we bring into application the law just found for the
action between two pulsating bodies, we see at once that the third
pulsating body will be acted upon by a foroe, opposite in diree-
tion to the corresponding force acting on a magnetic pole in
the field of an elementary magnet. In this result nothing will
be changed, if, for the two oppositely pulsating hodies, we substitute
an oscillating body. For both produce the same field, and the
action on the pulsating body will evidently depend only upon the
field produced, and not upon the manner in which it is produced.
We thus find : ? .

An oscillating body will act upon' a pulsating body as an ele-
mendary magnet upon @ magaetic pole, but with the law of poles
reversed.

This result may be verified at once by experiment. If we take
an oscillator in the hand, and bring it near the pulsator which is
inserted in the pulsation-balance, we find attraction in the case
(Fig. 13, a) when the oscillating body approaches the pulsating
body as it expands and recedes from it as it coniracts. Buot as
soon as the oscillating body is turned around, so that it appronches
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while the pulsating body is eontracting and recedes while it is
expanding (Fig. 13,5), the attraction changes to repulsion.

To show how the analogy to magnetism goes even into the
smallest details the oscillating body may be placed in the pro-
longation of the arm of the pulsation-balance, so that its axis
‘of oscillation iz perpendicular to this arm, The pulsating body
will then move a little to one side and come into equilibrium in &
dissymmetric position on one side of the attracting pole (Fig.
13,¢). If the oscillating body be turned around, the position of
equilibrium will be on the other side. Exactly the same small
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lateral displacement is observed when u short magned is brought
into the transverse position in the neighborhood of the pole of
a long bar magnet which has the same freedom to move as the
pulsating body.

8. Fores against an Oscillatiing Body, — If, in the preceding
experiment, we take the pulsating body in the hand and insert the
oscillating body in the balance, we cannot conelude a priori that
the motions of the oscillating body will prove the existence of
a force equal and opposite to that exerted by the oscillating body
upon the pulsating body. The principle of equal action and re-
action is empirically valid for the common actions at a distance
between two bodies.  But for these apparent actions at a distance,
where not only the two bodies but also a third one, the fluid, are
engaged, no general conclusion can be drawn.
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To examine the action to which the oscillating body is subject
we must therefore go back to the prineiple of kinetic bueyaney.
The kinetie buoyancy will give no resultant force against a body
of iuvariable volume, which oscillates between two places in
the fluid where the motion is the same. For at both ends of
the path the body will be subject to the action of equal and oppo-
site foroes.  But if’ it oscillates between places where the motion
is somewhat different in direction and intensity, these two forces
will mot be exactly equal and opposite, The direction of ithe
accelerations in the oseillating fluid masses is always tangential
to the lines of oscillation. Tf the field be represented by these
lines, and if the absolute value of the acceleration be known at
every point of the fluid at any
time, the foree exerted on the
oscillating body at every point
of ite path may be plotted, and
the average value found. As
we desire only qualitative re-
sults, it will be sofficient fo
consider the body in the two
extreme positions only, where
we have to do With the ex-
treme values of the force.

Lel, then, the continuous eircle {Fig. 14) represent the oscillat-
ing body in one extreme position, and the dotted circle the same
body in the other extreme position, and let the two arraws be pro-
portional to the accelerations which the fluid has at these two places
at the corresponding times, ' The composition of these two alter-
nately acting forces gives the average resultant force. Let us now
substitute for the oscillating body a couple of oppositely pulsating
bodies, one in each extreme position of the oscillating body, and
let us draw arrows representing the average forces to which these
two pulsating bodies are subject. We then got arrows located
exactly as in the préceding ease. And we conclade, therefore,
that if we only adjusi the intensities of pulsation properly, the
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two oppositely pulsating bodies will be acted upon by exactly the
same average resultant force as the oscillating body. From the
results found above for the action against pulsating bodies we can
then eonclude at onee :

An oscillating body in the hydrodynamic field will be subject to the
action of a foroe similar to that acting upon an elementary magnet
in the magneia fleld, the only difference being the difference in fhe
sigms of the forces which follows from the opposite pole-law.

9. Erperimental Investigution of the Force exerted by a Pulsat-
ing Body upon an Oscillating Body.— Let us now insert the
osillator in the balance, and turn it so that the axis of cscillation
is in the direction of its free movement. If a pulsator be taken
in the hand, it will be seen that attraction takes place when the
pulsating body is made to approach one pole of the oscillating
body (Fig. 13, a), and repulsion if it is made to approach the
ather pole (Fig. 13, 5).  And, asis evident from comparison with
the preceding case, the force acting on the oscillating body is al-
ways opposite lo that acting on the pulsating body. We have
equality of action and reaction, just as in the case of magnetism.

The analogy with magnetism can be followed further if the
puleating body be brought into the prolonged arm of the oscilla-
tion balance. The oscillating body will then take a short lateral
displacement, so that its atiracting pole eomes nearer to the pul-
sating body (Fig. 13, ¢). It is a lateral displacement correspond-
ing exactly to that take by an elementary magnet under the influ-
ence of a magnetic pole,

10, Breperimental Fnvestigation of the Mutual Actions between
Twe Oseillating Bodies, — The pulsator held in the hand may now
be replaced by an oscillator, while the oscillator inserted in the
balance is left unchanged, so that it is still free to move along its
axis of oscillution. 'We may first bring the oscillator held in the
hand into the position indicated by the figures 15, a and b, 8o that
the axes of oseillation lie in the same line. The experiment will
then correspond to that with magnets in longitudinal position. We
get attraction in the case, (Fig, 15, ), when the oscillating hodies
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are in opposite phase. This corresponds to the case in which the
magnets have poles of the same sign turned towards each other.
If the oscillator held in the hand be turned around, so that the
two bodies are in the same phase, the result will be repulsion (Fig.
15, b), while the vorresponding magnets, which have opposite
poles facing each other, will uttract each other. Finally, the oscil-
lator may be brought into the position (Fig. 15, ¢} in which it oscil-
lates in the direction of the prolonged arm of the oseillation-
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balance. Then we shall again get the small lateral displacement,
which brings the attracting poles of the two escillating bodies near
each other,

The ogcillator in the balance may now be turned around 90°, so
that its oscillation is at right angles to the direction in which it is
free to move. . If both bodies oscillate normally to the line join-
ing them, we get attraction when the bodies oscillate in the same
phase (Fig. 15, ¢), and repulsion when they oscillate in the oppo-
site phase (¥ig. 15, d). This corresponds to the atiraction and
repulsion between parallel magnets, except that the direction of the
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force iz, as usual, the reverse, the magnets repelling in the case of
gimilar, and atracting in the case of opposite parallelism. Tf,
finally, we place the oscillator in the prolonged arm of the bal-
ance with its axis of oseillation perpendicular to this arm (Fig.
15, F), we again get the small lateral displacement deseribed
above, exactly as with magnets in the corresponding positions, but
in the opposite direction.

We have considered here only the most important positions of
the two oscillating bodies and of the corresponding magnels. Be-
tween these principal positions, which are all distinguished by cer-
tain properties of symmetry, there is an infinite number of dis-
symmetric positions.  Tn all of them it is easily shown that the
foree inversely corresponds to that between two magnets in the
corresponding positions.

11. Ratations of the Oseillating Body. — We have considered
hitherto only the resultant force on the oseillating body. But in
general the two forces acting at the two extreme positions also form
o couple, like the two forces acting on the two poles of a mag-
net. ‘The first effect of this couple is to rotate the axis of oseil-
lation of the body. But if this axis of oscillation has a fixed
direction in the body, as is the case in our experiments, the body,
will be obliged to follow the rotation of the axis of oscillation.

To show the effect of this couple experimentally the oscillator
may be placed directly in the cylinder o (Fig. 11) of the pulsa-
tion-balance. Tt is then free to turn about a vertical axis passing
through the pivot. If a pulsating body be brought into the neigh-
borhood of this oecillating body, it immediately turns about its

axis until the position of greatest attraction is reached, and as a’

consequence of its inertia it will generally go through a series of
ascillations about this position of equilibrium, Tf the phase of
the pulsations be changed, the oscillating body will turn around
until its other pole comes as near as possible to the pulsating body.
Apart from the direction of the force, the phenomena is exactly
the analogue of a suspended needle ncted upon by a magnetic pole.

The pulsating body may now be replaced by an oscillating body.
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Exeept for the direction of the force, we shall get rotations corres-
ponding to these of a compass needle under the influence of a
magnet. The position of equilibrium is always the position of
greatest. attraction (Fig. 15, a, ¢), the position of greatest repul-
sion bieing a position of unstable equilibrium, If the fixed oseil-
lating body oscillates parallel to the line drawn from its center to
that of the body in the balance, the position of stable equilibrinm
will be that indicated in Fig. 16, &, and if it oscillates at right
angles to this line, it will be the position indicated in Fig, 16, d,
while the intermediate dissymmetric positions of the fixed oscil-
lator give intermediate dissymmetric positions of equilibrium of
the movable oscillating body. It is easily verified that the posi-
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tions of equilibrium ave exactly the same as for the case of Lwo
magnets, except for the difference which is s consequence of the
opposite pole-law ; the position of stable equilibrium in the mag-
netic experiment is n position of unstable equilibrium in the
hydrodynamic experiment, and vice versa.

12. Forces Analogous to Those of Temporary Magmetism.
We have already considered the forces between bodies which are
themselves the primary cause of the field, namely the bodies
which have forced pulsations or oscillations. But, as we have
shown, bodies which are themselves nentral but which have
another density than that of the fluid also exert a marked inflo-
ense upon the configuration of the field, exactly analogous to that
exerted by bodies of different inductivity upon the configuration
of the electric field, This action of the bodies upon the geomét-
rieal configuration of the field is, in the case of electricity or mag-

&
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netism, accompanied by a mechanical force’ exerted by the field
upon the bodies. We shull see how it is in this respect in the
hydrodynamie field. d

As we concluded from the principle of kinetic buayancy, a body
which is lighter than the water is brought into oscillation with
greater amplitudes than those of the water; a body of the same
density as the water will be brought into oscillation with exactly
the same amplitude as the water ; and a body which has greater
density than the water will be brought into oscillation with smaller
amplitudes than those of the water. From this we conclude
that during the oscillations the body of the same density as the
water will be always contained in the same mass of water. Bat
both the light and the heavy body will in the two extreme posi-
tions be in different masses of water, and if these have not exactly
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the same motion, it will be subject in these two positions to kinetie
buoyansies not exactly eqaal and not exactly opposite in diree-
tion. The motion cannot therefore be strictly periodic. As a
consequence of a feeble dissymmetry there will be superposed
upon the oscillation a progressive motion.

That the average force which produces this progressive motion
is strictly analogous to the force depending upon induced magnetism
or electrification by influence, is easily seen. As we have already
shown in the preceding lesture, the induced oscillations eorrespond
exactly to the induced states of polarization in the electric or the
magnetic field.  Further, the forces acting in the two extreme posi-
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tions of oscillation are in the same relation to the geometry of the
field as the forces acting on the poles of the induced magnets; they
are directed along the lines of force of the field, and vary in inten-
sity from place to place according to the same law in the two kinds
of fields, except that the direstion of the force is always opposite in
the two cases. Tig. 17, a shows these forces in the two extreme
positions ot a light body, which oscillates with grealer amplitudes
than the fluid, and Tig. 17, b shows the corresponding forces acting
on the two poles of a magnetic body, Therefore, in the hydro-
dynamie field, the light body will be subject to a force oppositely
equivalent to that to which the magnetic body in the corresponding
magnetic field is subject. Fig. 18, a shows the forces acting on
the heavy body in its two extreme positions, the oscillations repre-
sented in the figure being those which it makes relatively to the

e o
ﬁ
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flnid, which is fhe oscillation which brings it into water masses
with different motions.  Fig. 18, b shows the eorresponding forces
acting on the poles of an induced magnet of diamaguetic polarity.
And, as is evident at once ‘from the similarity of these figures,
the heavy body in the hydrodynamic field will be acted upon by a
force which oppositely corresponds to the force to which a diamag-
uetic body is subject in the magnetic field.

The well known laws for the motion of magnetic and diamag-
netic bodies in the maguoetic field can, therefore, be transferred at
once to the motion of the light and heavy bodies in the hydro-
dynamic field. The most convenient of these laws is that of
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Farapay, which connects the force with the absolute intensity,
or to the energy, of the field. Remembering the reversed diree-
tion of the foree, we conelude that :

The fight body will move in the direction of decreasing, the heavy
body in the direction af inereasing energy of the field.

18, Attraction and Repulsion of Light and Heavy Bodies by o
Pulsating or an Oscillating Body. — If the field be prodnced by
only one pulsating or one oscillating body, the result is very
simple. For the energy of the field bas its maximum at the sur-
face of the pulsating or oscillating body, and will always decrease
with increasing distance, Therefore, the light body will be re-
pelled, and the heavy body attracted by the pulsating or the oscil-
lating body.

To make this experiment we suspend in the waler from a cork
floating on the surface a heavy body, say a ball of sealing wax.
In a similar manner we may attach a light body by a thread to a
sinker, which either slides with a minimum pressure along the
bottom of the tank, or which is itself held up in a suitable manner
by corks floating on the surface. It is important to remark that
the light body should never be fustened directly to the sinker, but
by & thread of sufficient length to insure freedom of motion.

On bringing a pulsator up to the light body, it is seen at once
to be repelled. If one is sufficiently near, the small induced
oscillations of the light body may also be abserved. If the pni-
sating body be brought near the heavy hody, an attraction of simi-
lar intensity is observed. In both cases it is seen that the force
decreases much more rapidly with the distance than in all the
previons experiments, the force decreasing, as is easily proved,
as the inverse fifth power of the distance, which s the same law of
distance found for the action belween a magnetic pole and a piece
of iron.

If for the pulsating body we substitute an oscillating body, the
same attractions and repulsions are observed. Both poles of the
oscillating body exert exactly the same attraction on the heavy
body, and exactly the same repulsion on the light body, and even
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the equatorial parts of the oscillating body exert the same attract-
ing or repelling force, though to a less degree. As is easily seen,
we have also in this respect a perfect analogy to the action of o mag-
net an a piece of soft iron, or on a piece of bismuth.

14, Simultancous Permanent and Temporary Forve. — As the
force depending upon the induced pulsations, oseillations, or mag-
netizations, decreases more rapidly with increasing distance than
the foree depending upon the permanent pulsations, oscillations, or
magnetizations, very striking effeats may be obtained as the result
of the simultaneous aciion of forces of both kinds. And these
effects offer good evidence of the true natare of the unalegy.

For one of the simplest magnetio experiments we can take a
strong and a weak magnet, one of which is freely suspended. Ata
distance, the poles of the same sign will repel each other. But
if they be brought sufficiently near each other, there will appear
an abtrastion depending upon the indnced magnetization. This
induced magnetization is of a strictly temporary nature, for the
experiment may be repeated any number of times.

We can repeat the experiment using the pulsation-balance and
two pulsators, giving them oppasite pulsations but, with very dif-
ferent amplitudes. At a distance, they will repel each other, but
if they be broight snfficiently near together, they will attract, Tt
is the attraction of one body, considered us a neutral body heavier
than the water, by another which has intense pulsations.

Many experiments of this nature, with a force changing at a
eritical point from atraction to repulsion, may be made, all show-
ing in the most striking way lhe analogy between the magnetic
and the hydrodynamic foroes. *

16. Orientation of Cylindrical Bodies.,— The most common
methed of testing a body with respect to magnetism or diamagnet-
ism is to suspend a long narrow eylindrical piece of the body in
the neighborbood of u sufficiently powerful electromagnet. The
eylinder of the magnetic body then takes the longitudinal, and
the eylinder of the diamagnetic body the transverse position.

The corresponding hydrodynamic experiment is easily made
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e light cylinder is attached from below and the heavy cylinder
m above, and on bringing near a pulsuting or an oscillating
dy, ii. is seen at once that the light eylinder, which corresponis
the magnetic body, takes the transverse, and the heavy oylinder,
iich correspondsto the diamagnetic body, the Jongitudinal position.

16, Neutral Bodies Aded Upon by Two or More Pulsaling or
cillating Bodies, — The foree exerted by two magoets on a piece

ivon is generally not the resultant found aceording to the paral-
ogram-law from the two forees which each magnet would exert
itself if the other were removed. For the direction of the
eatest increase or deorease of the energy in the field due to both
agnets is in general altogether different from the parallelogram-
sultant of the two vectors which give the direction of this increase

deorease in the fields of the two magnets separately. Tt is there-

re noi astonishing that we get results which are in the most
riking contrast to the principle of the parallelogram of forees,
nsidered, it must be emphasized, us a physical principle, not
ercly as a mathematical prineiple; i e, as o means of the
strack representation of one vector as the sum of two or more
her vectors.

Tn this way we may meet with very peculiar phenomena, which
wve great interest here, because they are well suited to show
yw the analogy between hydrodynamic and magnetic phenomena
yes even into the most minute details, We shall consider here
ily the simplest instance of a phenomenon of this kind.

Let a piece of iron be attached to a cork floating on the surface
" {he water. If a magnetic north pole be placed in the water a
ttle below the surface, the piece of iron will be attracted to a
sint vertically above the pole. If a south pole be placed in the
me vertioal symmetrically above the surfaee, nothing peculiar is
pserved ; the piece of ivon is held in its position of equilibrium
ore strongly than before.  But if the second pole be a north pole,
ve iron will seem to be repelled from the point where it had pre-
ionsly stable equilibriom, Tt will move out to some point on a
rele, the diameter of which is about JT; of the distance between the
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poles. If the same experiment were made with a piece of bis-
muth and sufficiently strong magnetic poles, the force would be
in every case the reverse. It would have unstable equilibrium in
the central point between two poles of opposite sign, and would
seem to be repelled from this peint. But if the two poles were
of the same sign, the bismuth would seem to be attracted to the
point which previously repelled it, and it would be drawn to this
point from any point within the circle mentioned above. On
the cirole itself it would have unstable equilibrium, and outside
it would be repelled.

These peculiar phemomena are at once understood if we re-
member that the central point between two poles of the same
sign is a neutral point, where the energy of the field has a mini-
mum (Fig. 5, &), and that the bismuth must move towards this
point, the iron from it. § f

To make the corresponding bydrodynamic experiment two pul-
sators may be placed one vertically above the other, and a light
body (Fig. 19, a) or a heavy body (Fig. 19, &) brought between
them. Then if they pulsate in opposite phase, the light body will
be repelled from, and the heavy body attracted to the central point
between the two pulsating bodies. But if the phase be changed, so
that the two bodies pulsate in the same phase, the light body will
be attracted to this central point from all points inside a cirele
whose diameter is about JI; of the distance between the palsating
bodies. At all points outside of this cirele it will be repelled. The
lheavy body, on the other hand, will be repelled from the center to
some point on the cirele, but attracted from any phint outside the
circle, so that it will be in stable equilibrium on the circle.

17. Mutual Reastions befween Bodies with Induced Mognetiza-
tions or with induced Oscillations. — Besides the direct actions of
magnets on a piece of soft iron, we have also actions hetween any
two pieces of soft iron which are acted upon by a magnet, This is
of epecial interest, because it is upon this that the formation of the
representations of flelds of force in the classical experiment with
iron filings depends.. The iron filings lying in the same line of
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ce acquire poles of opposite sign facing each other, and therefore
in together, Tron filings lying near each other on a line nor-
 to a line of foree have, on the other hand, poles of the same
n facing each other, and iherefore the chains formed mutually
el each other, go that they become separated by distinet inter-
s Tt is worth mentioning that, if the sume experiment could
made with filings of a diamagnetic body, such as bismuth, the
ain would be formed in the same way. For when the poles of
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1 the filings are changed at the same time, the direction of the
woes between them will be unchanged.

Similar actions will be observed between particles which take in-
uced oscillations in the hydrodynamic field, except for the differ-
ace resulting from the direction of the force, which is opposite in
very case. The particles, therefore, will chain together normally
> the lines of flow in the fluid ; they will arrange themselves us
ayers which follow the equipotential surfaces, and which, as a con-
equence of mutual repulsion, ure separaled from each other by
mpty spaces. It iz indifferent whether for the experiment we
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take & light powder, which would correspond to the iron filings, or
a heavy powder, which wonld correspond to the bismuth filings.
For practical reasons, it is preferable to use a heavy powder,
which, in order that the experiment succeed nicely, must be
fairly homogeneous. A good powder may be cbtained from com-
mon red lead, if both the finest and the coarsest particles be re-
moved by washing. This is distributed on a glass plate, di rectly
above which is placed for a few seconds a pulsating or an oseil lat-
ing body with very intense pulsations or oseillations. The powder
immediately arrapges itself along the expected eurves.

Fig 20 4

Fig. 19 gives the circles of a seotion through the spherical equi-
potential surfaces swrrounding a pulsating body, and Figs. 20
and 21 give the more complicated curves of plane sections through
the equipotential surfaces prodused by two bodies pulsating in the
same and in opposite phase, respectively. In a similar way Fig.
22 gives a seotion through the system of equipotential surfaces
around an oscillating body. As is easily seen, the curves thus
obtained are normal to the lines of foree or of flow represented by
Figs. 4-8,

y 4
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1t is worth remarking that the dynamical principle which ex-
ing the formation of these figres is the same as that which
plains the formation of Kuwpr’s dust-figures in the classieal
periment for the measurement of the velocity of sound in gases.
ur figuresalso show a striking likeness to the ripple marlks formed
the sand along the shores by the waves. And even though the
namieal principle developed here does not fully account for the
culiarities of these ripple marks, especially when they have
ent dimensions, it is certainly the principle which acéounts for
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e beginning of their formation. The fossil ripple marks, which
¢ well known to the geologists, then prove that the laws of hydro-
rnamic fields of force, which I develop before you in this lecture,
cve the same in previous geological periods as they are to-day.
18, Vortices and Electrie Currents.— We have obtained the
ost complete analogy possible of hydrodynamic phenomena to the
senomena of electrostatics or of magnetism, the only difference
ing that depending upon the inverse pole-law.
Our investigation of the geometry of the field showed wus
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that we meet with difficalties if we try to extend the analogy
beyoud this point. The discovery of a complete dynamieal analogy
to the phenomena of electromagnetism therefore necessarily sup-
poses a more or less complete modification of ihe views which have
led us to the discovery of the partial analogy already developed.
To prepare for a discovery of this kind we can hardly do better
than to discuss the other conditions which lead to a partial
analogy which is related to the analogy which we have developed,
although it does not form an immediate continnation of it.

Fia. 220

As we remarked when we disoussed 'the gem;]etry of the fields,
there is an analogy, discovered by, v. HELMHOLTZ, between the
magnetic fields of electric currents and hydrodynamic fielde de-
pending upen vortex motion. This geometric analogy very nearly
forms & continuation of the analogy with which we have been
mostly occupied, the only reason why it cannot form a perfeet
continuation being that the fluid vortex must always go around
in the same direction, so that n vortex of vibratory nature is im-
possible. But taking this analogy as it is, detached from the pre-
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ng analogy, we will examine whether in this case also there
ts an analogy between the dynamics of the two systems.

et us fiest consider a rectilinear eylindrical vortex in the
dle of a tank, which is itself at rest. The motion of circu-
i around the vortex, which corresponds to the magnetie field
nd the corresponding electric current, will be perfectly sym-
rical. The distribution of the pressure will, therefore, also
symmedrical, and there will be no resultant force against the
ex. Nor will any such force appear iff & common motion of
slation be communicated to the tank and to the vortex.
erwise it would be possible to discover by an experiment of
kind the motion of the earth.

but now let us suppose the motion of translation to be given to
tank only, while the voriex, or a rotaling rigid eylinder sub-
nted for the vortex, be held siill. There will then be a dis-
imetry in the distribution of the motion on the two sides of the
ting eylinder ; on one side, the motion of translation will be
ed to, on the other side, subtracted from the motion of circulation
ind the eylinder.  As we have in this case a stationary motion
ending upon a potential, there will be in the fluid a diminution
the pressure proportional to the kinetic energy in the fluid
ion, and therefore an excess of pressure on the side where
e is a neutralization of the two motions. The eylinder, there-
., is driven transversely through the fleld, in the direction
which there is addition of the velocities. This corresponds
ctly to the transverse motion of an eleotric current through a
nogeneous magnetic field, but with the same difference of sign
sefore ; the electric current is driven in the direction in which
field intensity due to the current is nevtralized by that due to
homogeneous field,
'he rectilinear eylindrical vortex which we have congidered may
v be an element of any voriex. Therefore we may draw this
eral conclusion ; the elements of any vortex which is station-
in space, will, in the hydrodynamic field, be subject to a force
jositely corresponding to that to which the elements of the corre-
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sponding electric current are subject in the corresponding magnetic
field, As special consequences, we deduce, for example, that par-
allel vortices which rotate in the same sense, and which correspond
thus to currents of the same direction, will repel, while vortices
rotating in the opposite direction will attract each other.

As is seen from this deduction, the condition that the vortices
should be stationary. in space is essential. If the elements of the
vortices participate in the motion of the surrounding field, we come
back to the case where the rectilinear vortex had the same motion
as the tank, and in this case there was no force. The analogy
which we have found is therefore strietly limited to the case of
stationary electromagnetizm. Thus for two reasone this restric-
tion is imposed upon the analogy. As we saw in the investiga-
tion of the geometry of the anulogy, the constancy of the vortices
makes hydrodynamic phenomena corresponding to the indaction
of currents impossible. Now we see that the mechanieal forces
have wvalues analogous to those acting against the eleetric cur- -
rents, only when the vortices which correspond to the electric
owrrents are perfectly stationary in space. The analogy, there-
fore, is o limited one ; but even in its limited state it may give us
suggestions.

19, Haperiments with Rotating Cylinders. — Simple cases of the
results developed may easily be tested experimentally. By means
of turbines driven by air-jets, we may set metal cylinders into ro-
tation, which in turn produce the required circujation of the sur-
rounding water masses in comsequence of friction. One such
cylinder may be held in the hand by means of a suitable support.
Another may be introduced into the instrument previously used as
a pulsation- or_ oscillation-balance. Tt is necessary, however, in
order to prevent the eylinder in the balance from taking by itsel§
a translatory motion through the fluid, always to use two oppo-
sitely rotating cylinders which are arranged symmetrically about
a vertical axis through the pivot (Fig. 23).

‘With this instrament, it is easily shown that eylinders rotating
in the same direction repel, and that eylinders rotating in the
opposite direction attract.
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'a have observed also that a non-rotating cylinder effects the
guration of the hydrodynamio field, just as a eylinder of
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infinite diamagnetivity effeots the magnetic field (I, 16). Even
this geometric analogy is accompanied with an inverse dynamic
analogy ; it is easily seen that the rotating and the resting eylin-
der attract each other, just as a wire, earrying an electrie current,
and a diamagnetic body repel each other.



III.

THE GEOMETRIC PROPERTIES OF ELECTRO-
MAGNETIC FIELDS ACCORDING TO
MAXWELL'S THEORY.

1. €. A. Bjerknes’ Problems and Melhods.—All the phenomena
estigated in the preceding lectures by elementary reasouing
1 experiment were found originally through mathematical
lysis by the late Professor C. A, Brerxwes.  While searching
phenomena of hydrodynamios which should have the appear-
se of actions at a distance, he solved the problem of the simul-
eous motion of any number of spherical bodies in a liquid.
e discussion of the solution led him to results which he verified
er by a series of experiments, of which I have shown you the

st important, using, however, instruments of improved con-

uetion.

We apparently deviate from the historical method in taking the
mentary reasoning and experiment first and then proceeding to
: mathematical theory. But this deviation may in some sense
more apparent than real., For the phenomenu to be examined
tainly had in the mind of the discoverer the form of ideal
periments long before their final mathematical solution was
tained, And the exact caloulations were, in part, at least, pre-
led by elementary rensoning, which was not always correct
rhaps and of which the greater part was lost after the exact
hematical solution was found. We may therefore have good
ison to believe that, starting as we have done with elementary
soning and experiment, we have in some sense restored the
iginal method of the discoverer, improved according to our
esent exact knowledge of the subject.

2. The Problem of Analogies. — Proceeding now to the mathe-
atical theory we shall also, in one sense, deviate considerably from

i
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the original method followed by the discoverer. At the begin-
ning the solution of the problem of spheres was certainly the most
natural way of submitling the vague anticipations to a rigorous
test, for this was the time when the theory of the action at a dis-
tance was predominant, and the discovery of the simplest and most
striking instances of apparent actions at a distance was the most
fascinating result for a man opposing this theory to strive for.

But time has changed. The dootrine of action at a distance
has been given up, and. it is the aim of . no natural philosopher to
oppose it The time of fields of foree has come, and it is our aim
now to widen and deepen our knowledge of these fields. The
hydrodynamie phenomena discovered by C. A. BisrkNEs were
field phenomena, and their analogy to electrical phenomena are
even still more striking according to our new views. But the
change of view also suggested a quite new method of developing
the results, with unexpected facility and generality. Of course, if
there exists & elose analogy between hydrodynamic and electromag-
netic fields, this analogy must be contained implicitly in the funda-
mental equations of the two kinds of fields, namely in the hydro-
dynamic equations of motion on the one hand, and in Maxwerr's
equations of the electromagnetic field on the other. And this is
exactly what T am going to show you, namely, that the analogy
may be developed directly from these two sets of equations.

The method thus indicated is, indeed, perfectly plain and easy.
There is no diffieulty in finding the properties of hydrodynamic
fields, and the only real difliculty with which we meet arises from
the imperfection of our knowledge of elestiomagnetic fields. To
lay the safest possible foundation, for onr research we have first to
analyze onrefully our knowledge of these fields. This will be the
object of the lectures of to-day and to-morrow.

3, Mamwell’s Theory. — Our kunowledge of electromagnetic fields
is eontained in what is generally called MaxweLL's theory. Thig

- theory does not tell us what electromagnetic fields are in their true

nature. It is a formal theory, bearing upon two aspects of the
properties of the fields. What are generally called MAXWELL'S
8
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ations give a very full description of the variation from time
ime of the geometric configuration of electromagnetic fields.
this geometric theory is only feebly linked the much less devel-
1 theory of the dynamical properties of these fields.
LaxwerL’s theory has a central core, generally called the
ations for the free ether, relating to which there is good
ement among different writers. But this agreement ceases
n we puss 1o the equations for ponderable bodies and for mov-
media, and, as will be seen, the full discussion of the analogy
depend upon certain details of the theory for this general
. Proceeding to outline the theory, I shall follow principally
vER HEaviSiDE,* whom I bave found to be my safest goide
his department of physics for several reasons, of which I will
hasize two; that he uses a perfectly rational system of units,
that be takes into consideration more fully than other writers
impressed forces, which play a great part, from a certain point
iew even the greatest part, in the theory to be developed, But
ead of HEAVISIDE'S I shall use my own notation, ehosen partly
conomize letters, partly that analogies and contrasis in the
gs shall be reflected in analogies and contraste in the
tion.
n thus outlining Maxwerr’s theory I wish to emphasize that
not introduce anything new. What I introduce I have found

ther authors, who were perfectly uninfluenced by the search *

the hydrodynamic analogy. The guarantee for an unpreju-
d test of this analogy is, therefore, so far as I can see, perfect,
- Taductivity. — To a material medivm we attribute two con-
ts, defining its specific properties in relation to the two kinds
ields, These iwo constants define, so to speak, the readiness
he medium to let electric or magnetic lines of induction pass,
may be called the electric inductivity, «, and the magnetic in-
ivity, 8.

e do not know the exact nature of the properties defined by
» constants, They ean, therefore, not be determined in abso-
Jiver Henviside, Flectromagnetic Theory. Vol. I London, 1803,
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late mensare, What we can measure are only their ratios for
any two media

a A

% OB
If a,and 8, be the constants of the free ether, these ratios are
called the specific inductive capacities, electric and magnetic
respectively, of the medium which has the inductivities a
and 9.

When we consider thus the properties of any medinm in rela-
tion to the fields as defined by one electric and by one magnetie con-
stant. only, we limit ourselves to the consideration of sirictly izo-
tropic substances, which remain isotropic even when strained, as
is the case, for instance, with liquids. Bub any degree of hetero-
geneity may be allowed. These suppositions give to the fields
exactly the generality wanted for our purpose.

5. Flectric and Magnefic Veotors.— We will consider in this
lecture the geometric description of electromagnetic fields, To give
this deseription, a series of special electric and special magnetic vee-
tors has been introduced.

‘We believe that these vectors represent real physical states exist-
ing in, or real physical processes going on in the medium which
is the seat of the field, But the nature of these states or processes
is perfectly unknown to us. What still gives them, relatively
speaking, a distinet physical meaning is, as we shall show more
completely in the next lecture, that cerlain expressions formed by
the use of these vectors represent quantities, such as energy, force,
activity, ete,; in the common dynamical sense-of these words.
These quantities can be measured in absolute mensure. But their
expressions as functions of the electric or magnetic vectors contain
always two quantities of unknown physical nature. When once
the discovery of a new law of nature allows us o write another
independent equation containing the same unknown quantities, we
shall be able to define perfectly the nature of the electric and mag-
netic vectors, and submit them to absolute measurements in the real
sense of this expression. Provisionally, we can only do exactly
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ame a8 does the mathematician in problems where he has more
wwns than equations, viz., content ourselves with relative
‘minations, congidering provisionally one or other of the un-
vi quantities as if it were known. But we retain the symbols
he unknown quantities in all formule bearing upon the pure
ry of electromagnetic phenomena, for this will be the best
aration for the final solution of the problem.

his imperfeet knowledge is, of course, also the reason why
theory of elestromagnetio fields is split into twe different,
ly econnected, parts; fivst, the geometric theory of the fields,
e the relation of the vectors to time and space is considered
pendently of every question of the physical sense of the
we ; and second, the dynamical theory of the fields, where
question of the nature of the vectors is taken up, but only
rfectly solved.

Classification of the Veotors. — The wvectors introduced to
ibe the fields may be divided into classes differing from each
- in their mathematical properties, or in the physical facts to
h they relate.

0 the one hand, the electric as well as the magnetie vectors
ivided in two classes, designated generally as forees and fluxes,
he forces cannot be proved to have anything to do with forces
e classical dynamical sense of the word, a more neutral name
be preferable. I will therefore use the words fleld infensitics
fluwes. Between field intensities and fluxes there is this re-
n: by the multiplication of a field intensity by the induc-
v of the medinm a corresponding flux is formed.

eld intensities and fuxes are veotors of different physical
re. ‘They eannot therefore be added together. This is an
rlant remark.  For, aceording to previous imperfect views of
lectromagnetic problem, this distinetion was not made, and
1 confusion was caused by the lamping together of hetero-
ous quantities. But in the case of eleciricity, as well as in
1etism, any two field intensities may be added together, like-
any two fluxes,
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Taking now another point of view, we can divide the field in-
tensities into induced, and fmpressed or energetic field intensities, and
the fluxes likewise into induced, and impressed or energetio fluwes.

The theory of induced fluxes and field intensities we have to some
extent really mastered. MaxwerL's equations ave the laws princi-
pally obeyed by these vectors. But in order Lo complete the sys-
tem formally, the impressed or energetic fluxes and field intensities
are introduced. They represent certain states, or processes, under
certain eireumstances existing in, or going on in, the matter, and
which are ultimately the origin of every electric or magnetie phe-
nomenon. The intringic polarization in the permanent magnet,
or in the pyroelectric crystal, is therefore represented by vectors
of this class. They are introduced further as auxiliary vectors
for the representation of the creation of electric energy by eontact-
electricity, in the thermopile, or in the voltaic batfery. As the
existence or the supply of electrie or magnetic energy is velabed
ultimately to states or processes represented by these vectors, T
have termed them energetic vectors, a nume given originally by C.
A, BrerRENES to the corresponding hydrodynamic veotors.

From the fundamental vectors thus defined we may form new
ones by the addition of vectors of the same kind. Thus the ad-
dition of the indoced and the energetic field intensities gives the
total or actual field intensities, and the addition of the induced and
the energetie flux gives the total or actual fluxes. We have thus
introduced six electric and six- magnetic vectors. But in each
group of six vectors only two are really in_depencleht of each other,
and thus only two are really needed for the full deseription of the
electric or the magnetic field. Which paic of vectors it will be
convenient to choose as independent will depend upon the nature
of the problem to be treated. But a certain pair of veclors seems
in the majority of cases to turn out as the most convenient ; this
is the actual fluz and the induced field intensity. These we there-
fore distingnish beyond the others, calling them simply the flux,
and the field intensity, in every case when their qualities as actual
flux and induced field intensity need not be specially emphasized.
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. Notation. — It is very convenient for our purpose to intro-
+ such notation as to make it at once evident to which class or
ip the vector belongs. To attain this I denote fluxes with capi-
and field intensities with the corresponding small letters. On
other hand, actual, induced, and energetic vectors are desig-
d by the subscripts a, 1, e, but with the exception that the letters
guating the flux and the field intensity, according to the defini-
s above, are distingnished by the omission of subsoripts.
ally, for the eleatric vectors T use the first, and for the magnetic
ors the serond letter of the Latin alphabet, eorresponding to
first and second letter of the Greek alphabet introduced above
epresent the inductivities.

'he system of notation is contained in the following scheme :

| Elgetrie, | Magnetic.
Flux. | Field tatensity. | 16l Intanaity.
Awtual A a, il B ! ba
Inducsd | A PRI I
Emergetio | A, a, | B, I b
Eleetric indunetivity a Magnetio inductiviey 8.

etween each group of six vectors there are, according to what
ated above, four relations, namely :

A=A+ A, B=B,+B,
a,=a+a, b,=b+b,
A, = aa, B, = fb,
A =an, B, = fh,.
y different eliminations we can of course give different forms
hese equations of eonnection.  When we agree to use ihe flux
the field intensity as the fundamental vectors, we need the

wtions of counection, especially if vectors of the energetic group
e to be introduced. As we prefer generally in such cases
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to introduce the energelic flux, we shall usually have to employ
the following form of the equations of connection,
(8) A=aa+4A, B=pv+B,

I am aware, of course, that the multiplication of systems of
notation, already too numerous, may be objectionable,  But it will
serve for my excuse, I hope, that suggestive notations are perhaps
nowhere of greater importance than in researches of a comparative
nature. The question of a system of notation, at the same time
simple and suggestive, with reference to the whole of theoretical
physies, will, T think, necessarily arise sooner or later.

8. Conductivity, Time of Relawation.— Besides their electric
and magnetic inductivities, some or most media have still an in-
trinsic property, their electric conductivity. The constant best
suited to represent this property in the fundumental equations is
the time of relaxation, introduced first by E. Comn, If an elee-
tric field in a conducting medium be left to itself, its eleetric
energy will be transformed into heat, and the electric field will
disappear. This may happen so that the configuration of the field
is left unaltered during this process of relaxation. The time in
which the electrio vector, during this process, diminishes to the
fraction 1/e of ite initial value (e being the buse of the natural
logarithms) is the relaxation time 7. This is a real intrinsio con-
stant of the medium, measurable moreover in absolute measure,
and therefore in theoretical researches to be preferred to the con-
ductivity v, to which it is related by the equation .

(@) T= L .

A corresponding magnetic eonductivity and time of relaxation
is not known. It iz convenient, however, in order to obtain a
perfect symmetry of the formule, to introduce symbols even for
these fictitions quantities, say & for magnetic conduetivity and 7/
for the corresponding time of relaxation
8

®) : -z
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), Integral Form of the Findamental Lows.— Using induced
d intensity, actual, and energetic flux, we have always to re-
wber first the equations of connection

A=aa+4 A,

B—#Sb+B,
A set of cross connections between eleciric flux and magnetio
d intensity, and vice versa, between magnetic flux and eleciric
d intensity, is contained in the twa ¢ circuital” laws, to use
cAvISIDE'S expression, To find the mathematical expressions
these laws we congider n surface bordered by a closed curve. In
e the medium is moving, the surface should also move, follow-
s exactly the material particles with which it coineides at the
ginning. To eoordinate the positive side of the surface with
e positive direction of cirenlation on the bordering curve we
ilize the positive serew-rule. Denoting by r the radius vector
sm a fixed origin to & point of the olosed curve, by dr the vector-
e element of the eurve, by ds the vector-surfuce element of the
rlace, the two circuital laws may be writien

%fﬂ—ds+f—:1r,ﬂ-«fs=fb-d'r,

—;—th d's+f11,—.B-da= — ja-drn

The sum of the surface integrals of the first equation is generally
lled the elestric eurrent through the surface, the first represent-
g the displacement-current in the widest sense of this word, and
e second the conduetion eurrent. Tn the same way the surface-
tegrals of the second equation represent the magnetic current,
e gecond term, which represents the magnetic conduction-cur-
nt, being merely fietitious. Ulilizing these expressions, the core
* our knowledge of the properties of electro-magnetic fields in
lation to time and space may be expressed in the following
ropositions, 4

The eleatric current through o moving material surface equals the
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positive line integral of the magnetio field intensity vound the border
of the surface.

The magnetic current through a moving material surface equals
the. negative line integral of the elevtrio field indensily round the
barder af the surjace.

To these equations, ining the two d tal laws, we
have to add two equations containing the definition of two im-
portant auxiliary quantities, the electric and the magnetic mass, or
equivalently, the electric and the magnetic density. Calling & the
electric and M the magnetio density, then the electric or the mag-
netic mass contained within a closed surtace is the volume integral
respectively of & or M within the surtace. These masses are de-
fined as functions of the fluxes by the equations

JEdr= [A.ds
[ Mir = [B-ds,

C)

dr being the element of volume, Thus the mass within a surface
is defined by the total flux through the surface.

It must be emphasized that these equations are, from our point
of view, only equations of definition, not laws of nature. This
assertion is not contradicted by the historical fact that the notion
of masses was first introduced, and later the vectors defined by
use of the masses, while we now consider the veetors as the
fandamental quantities, and define the masses by the vectors. It
seems to be an empirical fuet, however, that no magnetic mass ex-
ists, and this assertion then contains & law of nature to which the
magnetic flux is subject, and which limiis the generality of the
magnetio field. But for the sake of analytical generality and the
advantages of a complete symmeiry, it will be convenient to retain
the symbol M for magnetic densily in our formule.

To these fundamental equations & system of supplementary con-
ditions is usnally to be added. Thus, it is generally considered
that the values of each inductivity, « and 4, and the relaxation
time 7' are known at all points of the field, The same supposition

9
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nerally made for the energetic fluxes, and for the electrie
nagnetic densities. In the case of conductors a knowledge of
otal electric mass only for each conductor is wanted. This
of apecial knowledge is wanted only for material bodies, and
or the free ether. For it is generally admitted that here the
stivities have constant values, @, and J, that the relaxation-
is infinite, 1/ 7" = 0, and that energetie vectors and electric or
etio densities do not exist, A, = B = 0, &= =0. These
itions very much simplify the probleme. -

. Differential Form of the Fundamental Bquations, — From
ntegral forms above we can, by a well known mathematical
8, pass to the differential form of the same equations, and
arrive at the form of the system of electromagnetic equations
rally most convenient for practical use.

1e equations of connection of course retain their form

A=au+A,

B=#b+ B,
he.equations expressing the two circuital laws may be written
e following simple forma,

¢=curl b,

k= — curl a,
¢ the auxiliary quantities ¢ and k are the electric and the

ietic current densities respectively, the full expressions for
h are

2. 1
c-a—':+ curl (A x V) + (div A)V + TA’
K- %1: + eurl (B x V) 4 (div B)V + %, B,

ing the velocity of the moving medium, and &/ the local time
rentiator, which is related to the individual time differentiator
above by the Eulerian relation

W
a=mtV
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The second equation containg two terms which represent merely
fietitious quantities, namely, (div B) V, which represents the mag-
netic convection-current, and 1/7" B, which represents the mag-
netic condoction current.

The equations of definition of the electric and magnetic densities
finally take the form

E = div A,
(2)

M = div B.
To these fundamental relations we add the equations which give
the special features of the free ether, namely,

E=0, A =0

a=o,, = 0 ¥

=0
(@) i
B=f, =0, M=0, B=0,

which are satisfied in all space outside the bodies.

11. Stationary State. — The principal featare of electromagnetia
fields, as expressed by the equations above, is this : every varia-
tion in time of an electric field is connected with the existence of
a magnetic field of a certain geometric quality; and vice verse,
every variation in time of a magnetio field is connected with the
existence of an electric field of a certain geometric quality.

This close eross connection of electric and magnetio phenomena
is reduced to n feeble link in the case of stationary phenomena,
and disappears completely when we ‘pass to static phenomena.
To consider stationary fields, that is, fields which do not vary in
time, let the medinm be at rest, ¥ = 0, and let the vectors A and
B have values which are at every point of space independent of
the time. The expressions (10, b)) for the two current densities
reduce to

"
(a)

-
I
e

L
I
13
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he first of these equations is the most general expression for
’s law for the conduction-current, which is thus the only
nt existing under stationary couditions. The second equa-
gives the corresponding law for the fictitious magnetic our-
The currents are the quantities which connect the eles-
felds with the magnetic fields, and vice versa, But utilizing
nvatiability of the ourrent, we ean now simply consider the
ibution of the currents in the conducting bodies as given,
thus treat the two stationary fields separately, without any
ence to each other.
riting the equations of the two stationary fields, we have

A=ca4 A, B=45b+ B,
curla = — k, curl b = ¢,
div A = K, div B = M,

¢ the current densities ¢ and I are now among the quanti-
generally considered as given. To these fundamental equa-
the conditions for the free ether must be added. The
tion that the free ether has no conductivity implies now
no current whatever exists in it; these conditions can be
en

a=a, B= 'Bm

A =0, B=0,

E=0, M=o,

k=10, c=0,

@ two fields respectively.
ch of the two systems of equations contains one fiotitions
ity, The equations for the electrio field contain the sta-
¥y magnetic current; density k, and the equations for the eleo-
cld contain the density of magnetism M, both of which are
s, 2

Static State. —1f, in the equations for stationary fields, we
s the current density to be everywhere nil, we get the
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equitions for static fields,

A=aoat A, B=§5b+B,
(a,) curl a = 0,
divA=F, divB= M,

with the conditions for the free ether,

a=a, 8=48,
(b)) A4, =0, B, =0,

E=0, M=o

These static fields exisi independently of each other, the links
which, in the general case, connect the one kind of field to the
other, namely, the carrents, being nil.

13, The Energy Integral.— A research relating to the com-
pleteness of the deseription which the preceding equations give of
the geometry of the fields will be of fundamental importance in
the search for the analogy of these fields to other fields, As an
introduction 0 this research, we will examine from an analytical
point of view an integral, the physical significance of which will
oceupy us in the next lecture, namely, the integral expressing the
electrie or the magnetic energy of the field.

The expression for the electric energy can always be written

(a) P=1 j'g-a_cif, I

where the integration is extended to all space. Now in the ease
of perfect isotrapy the actual field intensity is related to the flux
simply by the relation

®) A=aa,

and, therefore, we have the equivalent expressions for the energy

(¢} o= ;amy = [ poatr
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v let us write the vector-factor A, of the scalar produet, in the
n
A= —avg + ourl G,

ressing it thus by a scalar potential ¢ and a vector potential
s is possible with any vector. The integral may then be
ten

@ =—4[A vpdr + [}a, curl Gdr.

0 avoid circumlocution we shall suppose that there exists in
fleld no real discontinuity, every apparent surface of diseon-
ity being in reality an extremely thin sheet, in which the
irs or the veetors of the field change their values at an exceed-
y rapid rate, but always continuously. Further, we suppose
the field disappears at infinity. Both integrals can be trans-
ed then according to well known formuls, giving for the en-
- the new expression

@ = } (¢ div Adr + § [G-curl adr.

ow div A is the density of true electrification, which exists
in material bodies. Tt will be sufficient, therefore, to apply
first integral to material bodies only, and not to the surround-
sther.  If we split the actual field intensity a_‘into its induced
energetic parts, we get

curl 8, = curla 4 eurla,

ere, according to the fundamental equations, — ourl a repre-
: the maguetic current k. By analogy, — curl &, can also be
o represent a magnetic enrrent k, By this eurrent the in-
io polarigation, say in a burmaline-erystal, can be represented,
e same way as the intringic magnetization can be represented,
rding to Ampere's theory, by a distribution of electric cur-
.
ow in the case of a stationary field the current — curl a can
exist in material bodies, not in the surrounding ether. And
current — eurl a, or the vector a=1faA, from which it is
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derived, never exists outside matéerial' bodies (10, d). Therefore,
in the case of a stationary field it will be suffieient to apply the
second integral in (d) to material bodies only.

From the symmetry of the two sets of equations it is seen at
once that the integral expressing the energy of the magnetic field,
namely, ?

¥ =B bdr,

can be transformed to a form corresponding to (d), namely,
¥ -—-;-f«ﬁrdide'r + }fH-eurlbada-,

involving thus the true density of mﬂgne‘t-ism, div B, and the
electric current, curl B , which is made up of the true electric eur-
rent, ourl b, and the fictitious current, curl b, by which, accord-
ing to AmpPERE's theory, the intrinsic magnetization can be repre-
sented. Now under stationary conditions the true current, enrl
a, only exisis in material bodies, not in the ether, and the gquantities
div B and curl b, never exist except in material bodies.

We can therefore assert that the energy of the stationary field,
whether it be electrie or magnetic, can be expressed by integrals
which apply to material bodies oply, not to the surrounding ether.

15. Conditions for the Vanishing of the Stationary Field.—Let
us consider now the stationary electric field in the case where
there exists no true electrification, div A== 0, no energetic field
intensity, a, =0, and no true current, éurl a = 0. We shall then
have 1

divA =0, ' cula, =0,

and under these circumstances the energy of the field disappears
completely, as is seen from the expression (13,d). ~But accord-
ing to the expression (13, o) for the same gnergy, which is the
sum of only positive elements, the flux A must disappear in every
part of the field. Bui when both the flux A and the energetic
field intensity disappear, it is seen from the equations df connec-
tion that the induced field intensity will also disappear, and there
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| exist no electric field at all. In the case of the magnetio
i perfectly parallel conclusions can be drawn. Thus:

f there exists no true electrification, no energetie flux, and no
mgtic current, there will exist no stationary electric field.

[ there ewists no true magnetism, no energetio flum, and no elec-
eurrent, there will exist no stationary magnetic field.

6. Unigue Detorminateness of the Stationary Field.—From this
it & new one can be drawn at once. Let us consider two
ls, represented by the vectors A, a, and A', &, hoth subject to
condition of having the same distribution of the energetic
A, of the magnetio current k, and of the true electrification
The equations of the two fields will then be

A=oa+A, AN=oa+4,
enrla = — k, ourld’ = —k,
divA = 7, divd = E.

us consider next the field represented by the difference of the
tors of the two fields, i. e, the field

KN =k—a,
a'=a—a

is seen at once, this field will be subject to the conditions

A=,
enrl 8" = 0,
div A" = 0.

vill thus be a field having no energetic flux, no magnetic our-
» and no true electrification, and it will disappear completely
rding to the result above. Thus the fields A, a, and A, &,
wt differ from each other.

erfectly parallel developments can be given for the magnetic
» and we arrive thus at the following parallel results :
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Acoording to our system of equations, the stationary electric field
is uniguely determined by the distribution of true elestrification, of
energetic eleetric flux, and of wagnetic current; and the slationary
magmetioc field is wniquely determined by the distribution of true
magnetism, of energetic magnetio fluz, and of electric eurrent,

These theorems show the amount of knowledge of the geometry
of the stationary fields which is laid down in the equations (11, b).
They contain in the most condensed form possible our whole knowl-
edge of this geometry. And the importance of these theorems
for our purpose is perfeetly clear: if we succeed later in represent-
ing the hydrodynamic field by a similar system of equations, there
will, under similar conditions, be no chance for difference in the
geometric properties of the hydredynamiec field, and the stationary
electric or magnetic field.

But before we proceed to the investigation of the hydrodynumic
field we have to consider the dynamic properties of the electric and
the magnetic field.



IV,

£ DYNAMIC PROPERTIES OF ELECTROMAG-
NETIC FIELDS ACCORDING TO
MAXWELL'S THEORY.

Blectric and Magnetic Hnergy,— The MAXWELL equations
8s I have emphasized, only a geometrie theory, bearing upon
distribution in space of a series of vectors whose physical
ling is perfectly unknown to us. T give this theory a phys-
ontent an additional knowledge is wanted, and this is afforded
ur experience relating to the transformations of energy in the
romagnetic field.

we safest way, in our present state of knowledge, of establish--

his dynamical theory of the electromagnetio field, seems to
is ; start with the expression which is believed to represent
nergy of the electric and of the maguetic field, and bring
application the universal principle of the conservation of
.

e general feature of the method to be used is thue perfectly
; nevertheless, the details will be open to discussion, First
, there is mo perfect accordance between the different writers
regard to the true expression of the energy of the fields.
uthors agree that it is a volume integral in which the fune-
0 be integrated is the half sealar product of a flux and a field
sity, But opinions seem to differ as to whether it should be
tunl fluxes and field intensities or only the induced ones, Fol-
g Heavisiog, T suppose that the aetuel fuxes and field inten-
are the proper vectars for expressing the energy, and thus
the expression for the total energy of the electromagnetic field

@4+ ¥ = [tA-adr+ [}B-bdn

the first integral gives the amount of the electric, and the
74
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second the amount of the magnetic energy, the integrations being
extended over the whole field.

2. Localization and Continuity of Energy. — Btarting with this
expression for the energy of the field and bringing into application
the principle of the conservation of energy, we can of conrse de-
duce only resulis strictly in accordance with the experience which
led us to this form of expression for the energy. We are able
then to derive the amount of mechanical work done, and conse-
quently the forces doing it, for the case when the different bodies
in the field are displaced relatively to each other,

Baut for the sake of the problem before us, il is very desirable
to go a step further, to determine not only the resultant forces
acting against the bodies as a whole, but also the system of ele-
mentary forces, which act upon the elements of volume of the
bodies, and of which the resuliant forces are composed. Of these
elementary forces we have ounly a very limited experimental
knowledge, and to derive them, additional knowledge is needed,
which is not contained in the mere statements of the form of the
energy integral and of the principle of the conservation of energy.
We do not possess this in universally accepted form, but we admit
as working hypotheses the following two prineiples :

First, we suppose that it is allowable to speak not only of
amounis of energy, but also of a distribution of energy in space.
That this shouold be so is, @ priori, not at all elear, The uni-
versal principle of the conservation’ of energy, relates only to
amounts of energy. And in the model science rélating o energy,
ahstract dynamics, the notion of a certain distribution of en-
ergy in space seems to be often of rather questionuble clearness
and utility,  But still it may have a more or less limited nseful-
ness, Assuming this, we admit as a working hypothesis, that
the energy integral not only gives the total amount of electric
and magnetic energy, but also the distribution of this energy
in space, the amount of energy per unit volume in the field being

JA-a, +1Bb,
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"o this prineiple of the lscalization of energy we add the second,
principle of the continuity of energy, which is this: energy can-
enter a space without passing through the surface surrounding
space. This principle forces us to admit a more or less de-
nined motion of the energry, which in connection with the trans-
nations of the energy regulates the distribution of the electro-
etic energy in space. To this principle we may make sim-
objections as to the previous one. The ides of a determinate
ion of the energy does not in abstract dynamics seem to be
ays very clear or useful, even though it may seem to have
his branch of physics also a certain limited meaning. And
1 though considerable doubt may fall upon these two supposi-
¢ considered as universal principles, no deciding argnment can
riven ab present against their use to a limited extent as work-
hypotheses. ;

. Electric and Moagnetis Activity. —To these abstract and
wral principles we have to add definite suppositions suggested
e or less by experiment. The first is this : the rate at which
electric or magnetic energy is oreated by the foreign sonrces

nergy is given per unit volume by the scalar product of the.

getic fleld intensity into the corresponding current. This
ciple was originally suggested by the observation that the rate
oing work by the voltaic battery was the product of its in-
sie electromotive force and the current produced by it. And
' generalized by inductive reasoning so that it is made to in-
o every impressed or energetic force and field intensity, every
ent, electric or maguetic, conduetion eurrent, or displacement
ent,

arting thus with MaxwELL'S equations for the general case
moving medium

€= curl b,

k= —ourla,

an ai once find the rate at which energy is supplied per unit
me by the foreign sources of emergy. For, multiplying
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these equations by the energetic field intensities and adding, we get
(a) a-c+b -k=a curlb—Db,  curl a

‘The left hand member gives the rate at which this energy is sup-
plied. The discussion of the right hand member therefore will
show how the energy supplied is stored, transformed, or moved to
other places. In this discussion we shall follow the method indi-
cated by HEsvisipe.*

4. Storage, Trangformation, and Motion of the Energy. — To
examine the right hand member of the equation we express the
~energedic field intensities as the differences of the actual and the
induced field intensities,
a=a —a, b,=b,—b.

The equation of activity then takes the form

(@) a-c+b k=a curlb—b curla —a curlb + b curla.
For the last two forms we write, according to a well known vec-
tor formula,

(&) —a-enrl b+ b-ourl a = div(a x b).

In the first term on the right hand side of equation (a) we in-

troduce for curl b the developed expression for the electric corrent,
(IIL, 10, &,). Thus ;

a. . ki
() a,-eurlb=a,_- a‘:—+uﬂ—nur1(Ax V){aal\fde-}-?a_ A

Remembering that A = aa,, we find Eaéily,

oA Ao, e .oa, 2?‘!
LT T My thy

oal | Oa
=ty tag
a e da
= glteal)— el + al 5
or finally
*0. Heavisioz: On the forces, stresses and floxes of energy in the electro-
magnetic fleld. Transactions of the Royal Society, London, 1892, Elevtrica)
papers, Vol. I, p. 521.
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a

i %% i %(N‘ A }.‘:%E The developments (8), (d}, and (¢) ave now introduced in {a).

Suitably distributing the terms, we get

P 44 a8

- we have in general (ITL,, 10, b)) 8, bﬂ'k:;’:\_c {bA a8, + }B-b}
Oz da v.v
ot dt i 7

i +—},A-a¢+—T,B b,
if we suppose that the moving individual element does not
ge the value of its inductivity as a consequence of the mo-
, we have dajdl = 0, and

da
-

() 4V {(divA), — ja'va + (curla) x A}

+V- {(divBjb, — b*v 8 + (curl b)) x B}

+div {ax b+ §(A-a, + B-b )V}

+div {—(a,- V)A + §(A-a )V —(b,- V)B4 §(B 1)V},
which is the completely developed form of the equation of activity.
The firsi member gives, as we have said, the rate of supply of *
electromagnetic energy per unit volume, and the second member
shows how the energy supplied is used. Taking one term after
the other in each line, the common interpretation of them is this :
The first term

—V -Va.

| therefore

oA 8
L o = AR~ Vo

g

assing to the next term in (e), we ean transform it by the vec-
ormula, (B), writing a, for a and A x V for b.  Thus

a,ourl (Ax V)=Ax V-ourla, — div [a, x (A x V)].

he first right hand term we interchange cross and dot, and
ge the order of factors by eyelic permutation. In the second
 we develope the triple vector product according to the well-
w0 formula ; we have then

Ja, -curl{Ax V)=V (carla )x A+div [{a, - A)V—(a, - V)A].
titinting (¢,) and (e} in (¢) we get

Il ;
A e, +3Bb)

gives the part of the energy supplied which is simply stored as
electric and magnetic energy in the unit volume. The second term
1 1
7 A-a, -f——f,B-lb“
gives the part of the energy supplied which is wasted as heat,

according to JoULE's law, the waste due to the fictitious magnetic
conduetion current béing also formally ineluded.

a vk :
a, curlb =5 (FAa)+ pAa + V- {(div A)a,_

—jaiva+ (curla) x A} +div {(A a)V — (a, V)A}.

xactly the same way, introducing the full expression for the
netic current, we have

) 1 .
— b, ourla = (}B-0) + 7 Bb, + V{{div B},

— 678 + (eurl b)) x B} + div {{B-b )V — (b, -V)B}.

The following twa terms contain the velocity V of the moving

material element of volume as a scalar factor,

As the equation is

an equation of activity, the other factor must necessarily be a

force, in the common dynamic sense of this

word, referred to

unit volume of the moving particle. These factors are then the
forces exerted by the electromagnetic system against the exterior
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es, the factor of the frst term being the mechanical force de-
ding on the electric field, and the factor of the second ferm
iy the foree depending upon the magnetic field,

f, = (div Aja, — Jaiva 4 (curla) x A,
f,, = (div B)b, — }biv @ + (curlb,) x B.

*he first of the two terms of (f) which have the form of a di-
gence gives, according to the common interpretation, that part
he energy supplied which moves away.. There are two reasons
this motion of energy, first, the radiation of energy, given by
Poynting-flux

ax b,

second, the pure convestion of electromagnetic energy, given
the vector
(A a, +B-b)V,

ch is simply the product of the energy per unit volume into
velocity.

linally, the last term gives, according to the common interpre-
on, that part of the energy supplied which, in terms of the
ey of the motion of energy, moves away in consequenee of the
s8 in the medium which is the seat of the field, the flux of
rgy depending upon this stress being given by the vector

— (@, VA + (A a)V — (b, V)B + §(B B,

se divergence appears in the equation of activity, Tor this
- of energy may be considered as that due to a stress, the com-
ent of which against a plane whose orientation is given by
anit normal N is

a,(A-N) — (4 a)N + b,(B-N) — (B b)N.

s stress splits up into an electric and a magnetic stress. And,
the case of isotropy, which we assume, the first of these
sses consists of a tension parallel to, and a pressure perpen-
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dicular to the lines of electrie force, in amonnt equal to the elece-
tric energy per unit volume ; the second consists of a tension and
pressure bearing the same relation to the magnetic lines of force
and magnetic energy per unit volume. This is seen when the unit
normal N is drawn first parallel to, and then normal to the corre-
sponding lines of force.

The theory thus developed may be given with somewhat greater
generality and with greater care in the details, Thus the aniso-
tropy of the medium, already existing, or produced as a conse-
quence of the motion, can be fully taken into account, as well as
the changes produced by the motion in the values of the indue-
tivities and in the values of the energetic vectors, On the other
hand, there exist differences of opinion with regard to the details
of the theory. But setting these aside and considering the ques--
tion from the point of view of principles, is the theory safely
founded? If we knew the real physical significance of the electric
and magnetie veotors, should we then in the developements above
meet no contradictions 7

This question may be difficult to answer. The theory must
necessarily contain a core of truth. The results which we can
derive from it, and which depend solely upon the principle of the
conservation of energy and upon the expression of the electro-
magnetic energy, so far as this expression is empirically tested,
must of course be true. Bt for the rest of the theory we can
only say, that it is the best theory of the dynamig properties of
the electromagnetic field that we possess. ¥

6. The Forces in the Eleciromagnatic Field.—What particularly
interests us is the expression for the mechanical forces in the field,
(4, g). As the expressions for the electric and the magnetie foree
have exactly the same form, it will be sufficient to consider one
of them, Let us take the magnetic force,

f = (div BJb, — §b378 + (curl b)) x B.

This is a force per unit volame, and if our theory is correct, this
expression should give the true distribution of the foree acting upon
11
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the elements of volume, and not merely the true value of the re-
sultant force upon the whole body. The significance of each term
is obvious. The first term gives the force upon the true magnet-
ism, if this exists. Tt has the direction of the sctual field intensity,
and is equal to this vector multiplied by the magnetism, The
second term depends upon the heterogeneity of the bodies, and
gives, therefore, the force depending upon the induced magnetism,
The elementary foree which underlies the resultant forces observed
in the experiments of induced magnetism should therefore be a
foree which has the direction of the gradient, — 73, of the induc-
tivity 8, and which is equal in amount to.the product of this gra-
dient into the maguetic energy per unit volume. When we consider
abody asa whole, the gradieut of energy will exist principally in the
layer between the body and the surrounding medium. Tt will point
outwards if the body has greater inductivity than the medium,
but its average value for the whole body will be nil in every direc-
tion. But the force, which is the product of this veetor into half
the square of the field intensity, will therefore have greater aver-
age values at the places of great absolute field intensity, quite
irrespective of its direction. Hence, the body will move in the
direction which the inductivity gradient has at the places of the
greatest ahsolute strength of the field, i. e, the body will move
in the direction of increasing absolute strength of the field, And,
in the same way, it is seen that a body which has smaller induc-
livity than the’ surrounding field will move in the direction of
leoreasing absolute strength of the field. The expression thus
ontains FARADAY’S well known qualitative law for the mation of
nagnetic or diamagnetic bodies in the magnetic field.

The third term of the equation eontaing two distinct forces,
vhich, having the same form, are combined into one. Splitiing
he actual field intensity into its induced and energetio parts and
reating the curl of the vector in the same way, we get

curl b, = ourl b+ curl b,=c+c,

rhere ¢ is the true electric current, and ¢, the fietitious current, by
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which, according to AMpERE's theory, the permanent magnetism
may be represented. The last term of the expression for the foree
therefore splits into two,

(ourlb)x B=cx B+ ¢, x B,

where the first term is the well known expression for the foree per
unit volume in a body carrying an electric eurrent of density c.
The eecond term gives the foroe upon permanent magnetization,
and aceording to the theory developed, this force should be the
same ad the force upon the equivalent distribution of electric
carrent., 3

6. The Resultant Foree, — As we have remarked, our develop-
ments may possibly contain errors which we cannot detect in the
present, state of our knowledge. The value found for the elemen-
tary forces may be wrong. Buil however this may be, we know this
with perfect certainty ; if’ we integrate the elementary forees for
the whole volume of a body, we shall arrive at the frue value of
the resultant force to which the body as a whole is subject. For
caleulating this resultant force, we come back to the resnlts of
the observations which form the empirical foundation of our
knowledge of the dynamic properties of the electromagnetic field.
A perfeotly safe result of our theory will therefore consist in the
tact that the expression

(@ F=[(iv Bodr — [joivfdn + f(oulb,) x Bdr,

whire the integration is extended over a whole body, gives the true
value of the resultant foree upon the body. By a whole body,
we anderstand any body surrounded by a perfectly homogeneous
gaseous or fluid dielectric of the constant induetivity 3,, which is
itself not the seat of any magnetism M, of any energetic mag-
netic flux B, or of any electric current ¢. To aveid mathe-
matical pmlixiiy we suppose that the properties of the body
change continuously into those of the cther, the layer in which
these ehanges take place being always considered as belonging to
the body. Thus at its surface the body has all the properties of
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he form of the teue equation of connection, except that
ot inductivity 8, of the ether is introduced instead of
inductivity of the body. B, is therefore a virtual ener-
to compensate for our leaving out of consideration the
of the induciivity. This is the well known artifice of
theory of induced magnetism, which enables us to treat
d magnelism as if it were permanent.

oduce this vector into the expression for the resultant
rst remark that in the second integral of the expression
an write @ — 8, instead of 2. Performing the integra-
ris throughout the whale volume of the body and remem-
t @ — /3, disappears at the surface of the body, we get

— [iv'vBdr = - fiurv(8— 8,)dr
S8 —8)wvidr
[(@— 8, ybdr.

wner, the transformation by parts of the integral in the
(6, ¢) expressing the force upon permanent magnetism

I

I

— |bB, v dr = [Bbwdr.
JSbB, B

als for the temporary and the permanent force may now
and remarking that equation (4), in connection with
nental equation of connection, gives B, = (8 — S, )b + B,

— [ 8dr— [bB vdr = [B dwdr

stitution of this in (6, &) gives the following more com-
of the expression for the resultant force

E f(div Bibdr +fB,hvd'7 + f(curl b) x Bdr,
resultant force seems to come from an elementary force

f, = (div Bjb + B b7 + (curl b) x B.
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A still shorter form of the resultant force and of the corre-
sponding fietitions elementary force may be found as follows.
According to a well known vector formula, we can write

JB,bvdr = B, wbdr — f(eurlb) x B,dr.

Transforming the first integral of the second member according
to a well known formula and remembering that B, =0 at the
surface of the body, we get

JB,bvdr = — [(divB,jbdr — fiourl b) x B,dr.

Introducing this expression and remarking that, anmrdmg to (a),
div B= g, div b + div B,, we get

F = g, [(div bjbds 4 8, f(eurl b)sx ber,

which is the moet concige form of the expression for the resnltant
foree, It is expressed here by a fietitious elementary force

= 8, (div b)b + &, (curl b) x b.

The divergence of the field intensity, which appears here, is
called the free density of magnetism. The foree upon true mag-
nelism, upon permanent magnetic polarization, and upon induced
magnetism can be condensed into one expression, and the whole
force is expressed in an exceedingly simple way by the field in-
tensity, ite divergence, its carl, and the mduutmty of the sur-
rounding medium, T

8. Hesumé— Tt will be convenient on account of the following
lectures to sum up the fund 1 for the stationary
electric, and the stationary magnetio field. Using for the descrip-
tion of the fields the vectors of seheme II1., and in some cases
even the artificial vectors A, or B, (I'V., 7, a), we have first o set
of equations of conneoction, by use of which we introduce in the
fundamental equations the vector wanted for any special purpose.
Of these equations of connection we note the following, referring
for more special cases to the complete system (IIL, 7, a).
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Eiceirie Magnetic
A=aa, B=gh,
=i+ A, =pb+B,
=af4 A, =,S°b+.BJ.

e have the proper equations of the fields, which express
tion between the field intensity and the eurrent density,
curla = —k, curl b= ¢.
, we have the equaiions of definition for the density of
cation, or of magnetism,
divA=F, divB=J

plete the geometrio description of the field we have finally
er of special conditions which are fulfilled in the free ether,
.

a=a, Bm=p,

E=0, M=0

k=0, c=0,

A4=0, B =0
L of equations gives, in the sense of the theorems (111, 16),
lete deseription of the geometry of the fields.
knowledge of the dynamics of the fleld is less complete.
ing to the analysis of HEAvIsioE, we have reason to believe
- elementary force in the field per unit volume is given by
ression

f, = (div A)a, — }aiva + (curla) x A,
£, = (divB)b, — }b!w 8+ (ourl b)) x B.
er forms are not excluded, and we may have
f, , = (div A)a — Ja*va + (ourl &) x A — ad 7,
£, 5= (div B)b — §b*7 8 + (el b) x B — bB,w.
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Our reliable knowledge is reduced to this — we get on integrat-
ing any of these forces for a whole body the resultant foree which
produces the motion of the whole body. The same value of the
resultant force may also be found from other purely artificial dis-
tributions of the elementary force, for example,

(£)
or

()

£, o= (div A)a + A aw + (curl a) x A,
f, .= (divB}b + B,bw + (curlb) x B,

f, , = a(diva)a + afeurla) x a,
f,, = B,(div b)b + A (curl b) x b.

12



V.

OMETRIC AND DYNAMIC PROPERTIES OF THE
HYDRODYNAMIC FIELD, GENERAT, DEM-
ONSTRATION OF THE ANALOGY TO
THE STATIONARY ELECTRO-
MAGNETIC FIELDS, .

-+ Preliminary  Remarks, — Our preliminary investigations,
ed o0 elementary reasoning and experiment, have already
en the general feature of the analogy, which we are now going
xamine more closely. According to these preliminary results,
have no reason to look for an analogy extending beyond the
nomena termed stationary. The main feature of the analogy
iven by the correspondence :

flux «o oo veloeity,
!ie]d intensity ....... -+ -+, .specific momentam,
inductivity .....,. ++ - -mobility (specific volume).

b facilitale the comparison of ihe fields 1 shall denote the
rodynamic quantities by the same letters as the corresponding
rical quantities. The symmetry in the properties of the elec-
and magnetic fields will malke it possible to pass at once from
comparison with the electric field to the comparison with the
netic field.

The Hydrodynamic Eiuations, — The basis of our investi-
u will be the hydrodynamic equations, of which there are
the sealar equation fur the conservation of the mass, generally
1 the equation of eontinuity, and the vector equation of motion.
being the specific volome of the fluid, A the vector veloeity,
Ijdt representing the individual time-differentiation, the equa-
of continuity may be written

PROPERTIES OF THE HYDRODYNAMIC FIELD. a1

The first member is the velocity of expansion per unit volume
of the moving fluid particle, expressed through the effect of this
expansion upon the specific volume, or the volume of unit mass.
The second member is the same velocity of expansion expressed
through the distribution of veloeity in the fluid, The equality
of these two expressions of the same velocity of expansion insures
the conservation of the mass during the motion of the fluid.

. Now f being the exterior foree acting per unit volume of the
moving fluid masses, and p the pressure in the fluid, the veetor
equation of motion may be written

1da
(® T =t-vp

The first member is the product of the density, 1/a, of the moving
particle into its acceleration, d Afdt, and the seeond member gives the
veotor sum of the forces per unit volume acting upon it. These
forces are the exterior force f, and the foroe due to the pressure,
— 7p, generally ealled the gradient.

In the use of these equations it is always to be remembered that
the individual differentinting symbol d/df is related to the local
differentiating symbol /3¢ by the EvLERIAN expansion

d @
(c) E=3 + Av.

These equations do net give the gelnmetry and the dynamics of
the Lydrodynamic field as separate theories. They contain the

. properties of the fields viewed from one central point, from which

their geometriec and dynamic properties seem perfectly united. It
will be our problem to artificially separate from one another cer-
tain geometric and certain dynamic properties, in order to be
able to earry out the comparizon with those other flelds which we
know only as ﬁ!ge result of an inspection from without, an inspec-
tion which has allowed us only to recognize two separate sides
of their properties, without any deeper insight into their true
relations.
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. Fiquation of Conlinuity — Equation for the Density of Elestri-
tion. — The equation of continuity has the form of one of the
damental equations of the electric fild. To show this we have
v to represent the velocity of expansion per unit volume,
da/di, by a single letter B, and obtain the equation corre-
nding to (IV., 8, C),

div A = K, :
ch, in the interpretation of the symbols for the electrical case, is
equation which gives the density of electrification in the elee-
feld,
Transformation of the Dynamis Eguation, — The dynamio
ation does not in its original form show any resemblance to
of the equations of the electric field. Some simple transforma-
s will, however, bring out terms of the same form as appear in
dynamic equations of the electric field.
‘o show this let us first introduce instead of the velocity A the
al specific momentum, a, according to the equation

A=aa,
equation of motion then takes the form
da, 1da

@ Tagt=t— I
woording to the equation of continuity (2, a),

dﬁ (div AJa, = £ — op.

he left hand member we have the term (div A)a,, the analogue .
rhich appears in the expression f, for the elementary forces in
electric field (IV., 8, E). It is the elementary foroe acting
n the true elestrification, div A,

urther simple transformations bring in the other corresponding
15 appearing in the expression for £ for the elementary forces
w electrie field.  Using the Eulerian expansion, we first get

el
“r + Ava, + (div A, — £ — v,
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and then transforming the second left hand term according to a
well known vector formula, we have

T;tl'i' Aa, 7 + (eurl a) x A+ (div Aja, = f— wp.

Now, the term (curl a) x A has appeared, which correspondingly
appears in the expression (IV., 8, J,) for the force in the electrio
field, representing in one term the foree exerted upon permanent
polarization and upon magnetic current,

According to (), the second term in the left hand member may

be written

A2V =aaa v = java,
or finally,

Aa, 7 = w(jaad) — jaiva
Substituting this above, we have

a B
T 4 7 (o) — dalva+ (owl a) x A + (div s, = £ — p,

giving us all the corresponding terms contained in the expression
for the foroe (IV., 8, E,) in the electric field.

5. Separation of the Equation of Motion,—We thus seem to have
found some relation between the hydrodynamic equation and the
equation giving the dynamics of the electric field. But we still
have the geometry and the dynamies of the hydrodynamic field
united in one set of equations. Tq make the first step towards
the separation of certain geometric and dynamic properties from
one another we have to consider the hydmdyna.mm field as the sum
of two partial fields, just as we ‘consider the eleotric field as the sum
of two partial fields, the induced and the energetio field. Let vs
represent the vetor a,, the actual specific momentum, us the sum
of two veolors a'and a,, thus

@) a=ata,
The equnlinn then develops into
@) B+ %4 voa) — paiva+ (urda) x A
+ (div A)a, =T — Tp.
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Now we have the right to submit one of the auxiliary vectors,

4, to a condition, Let this condition be that it shall satisfy
equation

a8 "
B = VI(p + jeal).

ther vestor will then have to satisfy the equation

8 3
;f_ £— (div A)a, + Jaiva— (eurla)) x A.

- Geometric Property of the Induced Motion, — We have thus
duced the consideration of two fields, which superimposed
veach other represent. the actual bydrodynamic field, But the
tions of both partial fields are still dynamic equations. How-
, from one of them we can at once proceed to a purely
wiric equation, For taking the curl of equation (B) and
ging the order of the operations a/dt and curl, we get

a
Feula=0.

smplete the nomenclature T will call the eurl of the velocity
inematio, and the ourl of the specific momentum the dynamio
 density.  The dynamic vortex density is thus invariable at
paint of space. Integrating with respect to the time and
1g — k for the constant of integration, we get

ourl 4 = — &,

| expresses the local conservation of the dynamic vortex den-
As regards its form, this is the same equation which in
sctric interpretation of the symbols expresses the relation he-
the electrio field intensity & and the magnetio ourrent k (IV.,
And, as the conservation of k is local, equation (d) cor-
ds exactly to the equation for the electrie figld for the cases
enetic eurrents which are stationary both in epace and in time,
undamental Geometric Properties of the Hydrodynamic Field.
have thus succeeded in representing the hydrodynamic field
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as the sum of two partial fields. Writing A, = aa, we have for the
vectors introduced the equation of connection

() A=oaa =oa+ A,

Then the induced field described by a has the property of local
conservation of the dynamic vortex,

(B) curla = — Ik,

while from the field of the actual velocity we caleulate the veloe-
ity of expansion per unit volume, E, from the equation

() divA = R

In form, these equations are precisely the fundamental equations
for the geometrie properties of the stationary electrie field. :

8. Budies and Fundamental Fluid. — To complete the investiga-
tion of the geometric properties we shall have to examine whether
we can iniroduce conditions corresponding to the supplementary
conditions (I'V., 8, ). The introduction of conditions of this
nature for the fluid system evidently involves the distinetion he-
tween certain limited parts of the fluid, which we have to com-
pare with material bodies, and an exterior unlimited part of the
fluid, which we have to compare with the free ether. The part of
the fluid surrounding the fluid bodies we shall call the fundamental
Suid.

Introducing the condition

(DI) == gy e ¥ :

where «, is constant, we eimply require the fandamental fluid
to be homogeneous.  Introducing the sonditi

) Eeo,

we require it to be incompressible, There is nothing which pre-
vents us from introducing the additional condition

(By k=0,
for, at every point of space the dynamic vortex has, according to.
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fundamenial equation (B), a constant value. We are there-
: free to impose the condition that in the parts of space ocou-
d by the fundamental fluid this constant shall have the value
0. This, in connection with the general conditian (B), of course
olves also a restriction upon the generality of the motion of
fluid bodies. The nature and consequence of this restriction
| be discussed later, but for the present it is sufficient for us to
W that nothing prevents us from introducing it.
'he question now arises: are we also entitled to introduce for
hydrodynamic system a condition corresponding to the condi-
on (D) for the ether? To answer this we must refer to the
amic equation (5, ¢). On account of the restriction (D), we
1 have 2= 0 in the fundamental fluid. On account o% con-
on (D,), we shall have div A = 0, so that two of the right hand
15 of the equation for the energetic motion disappear.  Writing
= & + &, and remembering the condition (1), just introduced
find curl a, = curl a, and the equation therefore reduees to 7

f—(eurla) x A,

thermore, we are free to introduce the condition that the ex-

v force £ shall be zero for every point in the fundamental fluid,
mt the equation hecomes

e T (eurla) x A.

(if at any point in space a, = 0, we shall also have
da,

B .

u‘ndar the given conditions there can be no energetic field
sity &, unless it existed previously. The same will be true
¢ energetic velocity A, which is simply proportional to the
sponding field intensity a, Nothing prevents us, conse-
tly, from requiring that in the space ocoupied by the funda-
al Huid we shall have the condition
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(D) A =0

always fulfilled. For evidently we have the right to introduce
the condition (D) as an initial condition. And, as we have seen, *
if it is fulfilled once, it will always be fulfilled.

Summing up the contents of (D). (D) we find that we have
introduced the following conditions defining the difference between
the fluid bodies and the sarrounding fundamental fluid, which is
analagous to the difference between the bodies and the surround-
ing ether in the electromagnetic field, . The fundamental fluid has
donstdnt mobility (specific volume), just as the ether has constant
inductivity ; the fluid bodies may have a mobility varying from
point to point and differing from that of the fundamental fluid ;
just as the bodies in the magnetic field may have an inductivily
varying from point to point and differing from that of the ether.
The fundamental fluid never has veloeity of expansion or con-
traction, K, while this velocity may exist in the fluid bodies ; just
as in the free ether we have no distribution of true electrification
or magnetism, while such distribution may exist in material bodies.
The fundamental fluid never has a distribution of dynamie vortices,
while such distributions may exist in the fluid bodies ; just as the
ether in the case of stationary fields never has a distribulion of
currents, electric or magnetic, while such distributions may exist
in material bodies. The fandamental fluid never has an energetic
velocity, while this velooily may exist in the fluid bodies ; just as
the ether never has an energetie (impressed) polarization, while such
polarization may exist in material bodies,

Under these conditions the geometric properties of the hydro-
dynamic field and the stationary electric or magnetic field are de-
seribed by equations of exactly the same form. Thus, under the
given conditions, whose physical content we shall consider more
closely later, there exists a perfect geometric unalogy between the
two kinds of fields. i

9. Dynamic Properties of the Hydrodynamic Field.—1Tb is
easily seen that under certain conditions an inverse dynamic

13
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gy will be joined to this geometric analogy. For let us im-
the condition that
da,

w
~always be satisfied, i. «., that the energetic specific momentum

be conserved locally, When this condition is fulfilled, the
tion of the energetic motion, which we will now have to use
he bodies only, reduces to

f= (divA)a, — jaiva + (curla) x A,
if the condition of the local conservation of the energetic
fic momentum must be fulfilled, there must act upon the system
cterior force f, whose distribution per unit volume is given
). According to the principle of equal action and reaction,
foroe thus balances a force £, exerted under the given condi-
by the fluid system. The fuid system therefore exerts the

f, = — (divA)a, + }a’va — (curla) x A,

h, in form, appositely corresponds to the force which is exerted,
ding to HEAVISIDE'S investigation, by the electric or the
etic field in the corresponding case.
. Second Form of the Analogy. — The physical feature of the
gy thus found is determined mainly by the condition (9, a) for
seal conservation of the energetic specific momentum, The
ical content of this condition we will diseuss later, But first
ill show that even other conditions may lead to an analogy, in
h we do not arrive at HEAVISIDE’s, but at some one of ithe
- expressions for the distribution of foroe.
@ start again with the equation of motion,

1dA

W ir Ve
instead of introducing the actual specific momentum a,, T
duce at once the induced speeific momentum a and the ener-
velocity A, according to the equation of connection

A =—os 44,

PROPERTIES OF THE HYDRODYKAMIC FIELD. 49

Performing the differentiation and making use of the equation of
continuity (2, a), we have

aa 14,
T+ (v A G =1 — v

Tntroducing in the first left hand term the local time-dérivation,

& : 1 da,
T+ AT (div A + 3 =1 = v,

or, transforming the second left hand member aveording to the
vector formula,

1 dA,
P Y

() :—: + Aa w4 (curla) x A + (divA)a + It

Using the equation of connection (b) and performing simple trans-
formations, we get for the second term in the left hand member
Ay = aaav + Aav
= java’4 A8V
= v(joa’ + A, -8) — ja’va —aA .
TIntroducing this in (e),
da 1da, : iR
@ e Z(}aa® + A,-8) + @ + (div A)a — fa*7a
+ (cuirlu) X A—pA v =1f—Tp
Now, we can split the equation in two, requiring that the vector
a satisfy the equation )

©  gm— vttt a),

and we find that the other vector A, must satisfy the equation

%3] %.d':T'ﬂ 1 — (div A)a + Ja'va — (curl &) x A + ah, 7.
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oth equations are different from the corresponding equations (5,
nd (5, c) But, as is seen at once, the new equation for the in:
d motion involves the same geometric property as the previous
namely, the local conservation of the dynamic vortex, expressed
B). ) We arrive thus at the same set of funrlamenl:ll geomet-
quations as before, (4) ... (€). Furthermore, we have evi-
ly the same right as before o introduce the restriotive condi-
3 (:Dl), (D3, (D). A discussion of equation (f), similar to
given above for equation (5, d), shows us that we are entitled
is case also to impose the condition (2,) upon the fundamental
, since in a fluid having the properties (1) ...(1)) a moving
particle cannot have an energetic velocity if t?:ie did not
- previously.
'39. geometrio analogy therefore exists exactly as before, the
itions for its existence being changed only with respeot :n’ this
point, that the condition (D) now refers to the material parti-
bulcngir]ﬁ t;: the Fundamental fluid, and not to the points in
> ocoupied by this fluid. The con is di
e nadey oo sequence of this difference
.ns.l]y, we see that to this geometric analogy we can add a
mic analogy. Requiring that the energetic velocity be con-
d individually, we have )

i@! 0
il

reasctnl'ng as before, we find that under this eondition the fuid
m will exert per unit volume the force

f,= — (div A)a + {a*a— (eurl a) x A + aA 7,
, in form, oppositely corresponds to the forces in the electrie
gnetie field, acoording to the expression (IV., 8 1),
- We have thus arrived in two different ways at an analogy
en the equations of hydrodynamic fields and those of the
nary ‘eIeclriu or magnetic field. And, from an avalytical
of view, this analogy scems as complete as possible, apart
the opposite sign of the forces exerted by the fields.
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In regard to the closeness of this analytical anology, we have to
remark that we do not know with perfect certainty’ which of
the expressions (E,) or (), if either, represents the trae distribu-
tion of the elementary forces in the electrio or the magnetic fleld,
while the corresponding distribution of forces in the hydrodynamie
field are real distributions of forces which are exerted by the field
and which have to be counteracted by exterior foroes, if the condi-
tions imposed upon the motion of the system are to be fulfilled. We
cannot, therefore, decide which of the two forma that we have found
for the analogy is the most fundamental. But we know with per-
fect certainty that, if we integrate this system of elementary forces
for a whole body, we get the true value of the resullant foree in the
electric or magnetic field, When we limit ourself to the considera-
tion of the resultant force only, the two farms of the analogy are
therefore equivalent. And from the integration performed in the
preceding lecture we conlude ai once, that the resultant forees

~upon the bodies in the hydrodynamic field can also be repre-

gented as resulting from the fictitious distributions

(B f,= — (div A)a — A,av — (eurl &) x 4,
and
(&) f,= — a, (div a)a — a, (curl a) x a.

The fact, which we have just proved, that, the laws of the elec-
trie or magnetic fields and of the hydrodynawic fields ean be rep-
resented by the same set of formulw, undoubtedly showe that there
is a close relation between the laws nf'hydmdyné@ica and the laws
of electricity and magnetism. But the formal analogy between the
laws does not necessarily imply also a real analogy between the
things to which they relate. O, as MAXWELL expressed it: the
anglogy of the reludions of things does not necessarily imply an
analogy of the things related.

The subject of our next investigation will be, to consider to
wheit extent we can pass from this formal analogy between the
hydrodynamic formulie and the electric or magnetie formule to an
analogy of perfectly concrete nature, such as that represented by
our experiments,
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URTHER DEVELOPMENTS AND DISCUSSIONS OF
THE ANALOGY.

1. According to the systems of formulse which we have de-
loped, the hydrodynamic analogy seems to extend to the whole
main of stationary electric, or stationary magnetic fields, But
ording to our elementary and experimental investigition, we
ived ab two different analogies which were wholly detached
m each other. There is no eontradiction involved in these re-
ts. In our analytical investigation we have hitherto taken only
ormal point of view, investigating the anmalogy between the for-
1laws of hydrodynamies and of electromagnetism.  If, from the
logy between the formal laws, we iry to proceed further to an
logy between the different physical phenomena obeying them,
shall arrive at the two detached fragments of the analogy
ich we have studied experimentally,
. Between the hydrodynamic and the elestrio or magnetic
tems there is generally this important difference. The hydro-
amic system is moving, and therefore generally changing its
figuration. But apparently, at least, the electric or magnetic
ems with which we compare them are at rest. The corre-
ndence developed between hydrodynamic and electromagnetic
nulie therefore gives only a momentary analogy between the
kinds of fields, which exist under different conditions.
o get an analogy, not only in formule bat in experiments,
must therefore introduce the condition that the bodies in the
rodynamic sysiem should appear stationary in space. This
be done in two ways. First, the fluid system can be in a
dy state of motion, so that the bodies are limited by sur-
s of invariable shapes and position in space. Second, the
[ ean be in a state of vibratory motion, go that the bodies per-
' small vibrations about invariable mean positions.

102
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3. Steady State of Motion.— The first form of the analytical
analogy, in which we supposed local conservation of the energetic

specific momentum,
o, _,
(@) &

immediately leads us to the consideration of a perfeotly steady
state of motion, at which we arrive, if we assume besides (a) also

“the local conservation of the induced specific momentam,

@®

which is perfectly consistent with (z). But in the case of a steady
state of motion the generality of the field is very limited, on ac-
count of the condition that the fluid, both outside and inside,
moves tangentially to the stationary surface which limits the
bodies. ;

4. Frrotational Cireulation Chdside the Bodies, — As the motion
outside the bodies fulfills the condition carl a =0, and, in conse-
quence of the constancy of the specific volume, a, also the con-
dition carl A = 0, the motion in the exterior space will be the
well known motion of irrotational ciroulation, which is only possible
if the space be multiply conneoted. 1If, then, there is to be any
motion of the exterior fluid at all, one or more of the bodies must
be pierced by chaunels through which the fluid can cireulate.
Bodies which have no channels act anly as obstructions in the
current, which exists because of the channels through the other
bodies. The velocity or the specific momentum by which this
motion is described has a non-uniform sealar potential.  The
stream-lines are all closed and never penetrate into the interior
of the bodies, but run tangentially to the surfaces, The corre-
sponding eleotrodynamic feld, with closed lines of force running
tangentially to the bodies and having a non-uniform potential,
is also a well known field.

B. Corresponding Field Inside the Bodies. — This exterior field
can correspond, in the hydrodynamic, as well as in the elestro-
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goetio case, to different arrangements in the interior of the
lies. The most striking restriction on the exterior field is the
dition that the lines of force or of flow shall never penetrate
o the bodies. In the magnetic case this condition will always
fulfilled if the bodies consist of an infinitely diamagnetic
terial, and & field with these properties will be set up by any
ribution of electric currents in these infinitely diamagnetio
lies. The hydrodynamic condition corresponding to zero in-
tivity is zero mobility, The bodies then retain their forms
| their positions in space as a consequence of an infinite
sity and the accompanying infinite inertia. Now in the case
ufinite density an infinitely small velocity will correspond to a
te specific momentum. We can then have in these infinitely
vy bodies any finite distribution of specific momentum and of
dynamic vortex, which corresponds to the electric current, and
to this specific momentum there will correspond no visible
ion which can interfere with the condition of the immobility
he bodies.
Jther interior arrangements can also be conceived which pro-
e the same exterior field. The condition of infinite diamag-
vity may be replaced by the condition that a special system
eleciric carrents be introduced to make bodies appear to be
nitely diamagnetic. | The corresponding hydrodynamie ease will
t if we abandon the infinite inertia as the cause of the immo-
y of the bodies and also dispense with the creation of any gen-
distribution of dynamie vortices in the bodies, and if we in-
uce instead, special distributions of vortices, subject to the
lition that they be the vortices of a motion which does not
ige the form of the bodies or their position in space. This
ribution of the dynamic vortices will, from a geomelric point
iew, be exactly the same as the distribution of elestrio current
ch makes bodies appear infinitely diamaguetic.
inally, a third arrangement is possible. In bodies of any in-
ivity we can set up any distribution of electrie currents, and
iltaneously introduce u special intrinsio magnetic polarization
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which makes the bodies appear to be infinitely di-nmxagnalio: Qor-
respun(iingly, we can give to bodies of any n_'u.:bllhy any distribu-
tion of dynamic vortices under the condition lh“. we ﬁx.t'he
bodies in space by a suitable distribution of energetic velocities
xternal forees.
Pmﬁf“‘;’:‘z hgmmin Analogy. —In the cases thus indicated l‘he
geometrio analogy between the fields will be perfect. .A.nd with
this direct geometric analogy we have an inverse dynamic analogy.
The system of elementary forces, by which the field tends to pro-
duge visible motions of the bodies, and which must be counter-
acted by exterior farces, appositely corresponds in the two systems,

The simplest experiments demonstrating t.heae_thenretu.ml reaullts
are those showing the attraction and the repulsion of rc:taung -oylm—
ders, and the attraction of a non-rotating, by‘a rotating cylinder,
corresponding to the repulsion of u diamagnetic body by an elec-
trie current.

As the unalogy thus developed holds for any arrangement of
eleciric currents in infinitely diamagnetic bodies, it will also hold
for the arrangement by which magnets can be represented accord-
ing to Aspere’s theory. We can thus also E;et an analogy to
magnetism, but in & peenliarly restricted way, sino it Ii&‘fem m:].y
to permanent magnets construeted of an infinitely dlan\ngnetlc
material. The hydrodynamic representation of a maguet ie there-
fore a body pierced by a multitude of channels t!lmug-ll which the
exterior flnid cireulates irrotationally, Such bodies will mef\ exert
apparent actions at a distance upaq—gneh uthar,. con-e.ﬁpondmg in-
versely to those exerted by permanent mag.nexakwhlch. have i}!e
peculiar property of being construeted of an infinitely diamagnetie
material. This peculiar analogy was discovered by Lorn Kervin
in 1870, but by a method which differs completely from Lhut

ich we have followed here. i .

Wh’;, Restricted Generality of the Field for the Cise off Vw‘brafm‘y

Maotion, — The hypothesis of a vibratory motion also restrl.ctfa the

generality of the field, but in another way than does V:ha l}‘;ﬂndlllﬂﬂ _of

steady motion, For, when the specific momentum is vibratory, its
14
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guetic case, to different arrangements in the interior of ihe
lies. ‘The most striking restriction on the exterior field is the
dition that the lines of force or of flow shall never penetrate
o the bodies. In the maguelic case this condition will always
fulfilled if the bodies consist of an infinitely. diamagnetic
terial, and & field with these properties will be set up by any
tribution of electrio currents in these infinitely dismagnetic
lies.  The hydrodynamic condition corresponding to zera in-
tivity is zero mobility. The bodies then retain their forms
| their positions in space as a consequence of an infinite
sity and the accompanying infinite inertia,. Now in ithe case
ufinite density an infinitely small velooity will earrespond to a
e specific momentum, We can then have in these infinitely
vy bodies any finite distribution of specific momentam and of
dynamic vortex, which corresponds to the elestric current, and
to this specific momentum there will correspond no visible
ion which can interfere with the condition of the immobility
he bodies,

dther interior arrangements can also be conceived which pro-
o the same exterior field. The condition of infinite diamag-
vity may be replaced by the eondition that a special system
electrio currents be introduced to make bodies appear to be
itely diamaguetie. . The corresponding hydrodynamic case will

t if we abandon the infinite inertia as the cause of the immo-

ly of the bodies and also dispense with the creation of any gen-

distribution of dynamic vortices in the bodies, and if we in-

uce instead, special distributions of vortices, subject to the

lition that they be the vortices of o motion which does not

ige the form of the bodies or their position in space. This

ribution of the dynamic vortices will, from a geometric point

iew, be exactly the sume as the distribution of electric current

ch makes bodies appear infinitely diamagnetic.

inally, a third arrangement is possible. Tn bodies of any in-

ivity we can set up any distribution of electric currents, and

ltaneously introduce a special intrinsic magnetic polarization
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which males the bodies appear to be infinitely diamagnetiu,_ I'T‘.or-
respondingly, we can give to bodies of any mobility any distribu-
tion of dynamic vortices under the condition I.hnt. we ﬁx‘ t‘l\e
bodies in space by a suitable distribution of energetic velocities
xternal forves.

Pmﬁéu;ib;);namic Analogy. — In the cases thus indicated l.]lE
geometrio analogy between the fields will be perfect. ‘.e\nd with
this direct geometric analogy we have an inverse dynamic analogy.
The system of elementary forces, by which the field tends to pro-
duce visible motions of the bodies, and which must be counter-
aoted by exterior forces, oppositely corresponds in the tu[o systems,

The simplest experiments demonstrating these theoretical results

" are thoee showing the attraction and the repulsion of rotating eylin-

ders, and the attraction of a non-rotating, by 'aramu'ng eylinder,
corresponding to the repulsion of a diamaguetic body by an elec-
trie current.

As the analogy thus developed holds for any arrangement of
electric currents in infinitely diamagnetic bodies, it will also hold
for the arrangement by which magnets can be represented accord-
ing to Aupere's theory. We can thus also get an analogy to
magnetism, but in a peouliarly restricted way, sinee it rjefers onl‘y_
to permanent magnets constructed of an infinitely diamagnetic
material, “The hydrodynamic representation of a magnet is. there-
fore & body pierced by a multitude of channels through which the
exterior fluid cireulates irvotationally, Such bodies will then exi':.rt
apparent actions at a distance upon‘e'uch other, wn‘e.sponding in-
versely to those exerted by permanent mag.nets.whmh_ have ﬂ"le
peculiar property of being constructed 'of an infinitely diamagnetic
material, This peculiar analogy was discovered by Lorn Keivme
in 1870, but by a method which differs completely from that'
which we have followed here. 1 :

7. Restricted Generalily of the Field for the Case of Va_braﬁory
Motion, — The hypothesis of a vibratory motion also restrlf:f.s the
generality of the field, but in another way than does l.hP fmnd\t:nn.of
steady motion. For, when the specific momentum is wibratory, its

14
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if it has any, must also be vibratory. But we have found that
curl, or the dynamic vortex density, is a constant, at every
b in space, and is thus independent of the time. The dynamic
x therefore must be everywhere zero, and the equations ex-
ing the geometrio analogy reduce to

A=aat A,

ourla =0,

div A= E,
the conditions for the surrounding fluid,

a=a, E=0, A =0,

ﬁquatious thus take the form of the equations for the static
io, or the static magnetic field, so that the analogy will not
d beyond the limits of static flelds. To establish the cor-
nding dynamic analogy we may use neither of the conditions
1.3, aor 10, g). For both are contradictory to the condition
ibratory motion. We have to return to the unrestricted

ion for the energetic motion, and the form which in this case

to the mast general results is (10, 1), which according to (a)
es to ;

1 .da 2
2 g =i—(divA)a+iaVa 4 aa V.

ystem of equations is valid for any single moment during the
ory motion.  We shall have to try to deduce from it another
1 of equations which represents the invariable mean state of
stem,

Periodic Funotions. — To deseribe the vibratory mation we
mploy only one periodic function of the time, and therefore
ferent particles of the fluid will not have vibratory motions
ndent of each other. The motion of the fluid will have
aracter of a fundamental mode of an elastic system, To
e this fandamental mode we use a periodic function, 7, of the
v; thus

S+ 1) =5
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The values of the function fshould be contained between finite
limits, but the period v should he a small quantity of the fiest
order, - Further, the function f must be subject to the following
conditions : during a period it shall have a linear mean value 0,
and a quadratic mean value 1, thus

1 133
® LS rwa=o,
(©) L Lrorae=1.

Evidently thise conditions do not restrict the nature of the fone-
tion, provided it be periodic. Any periodic function may be made
to fulfil them by the proper adjustment of an additive constant and
of a constant factor. An instance of a function which fulfils the
conditions is

@ () =1 sin 2r (‘; i .’L).

From the conditions that the period is a small quantity of the
first order and that the mean linear value of the function for
a period i& zero, it is deduced at once, that the time integral of the
funetion over any interval of time multiplied by any finite fastor
1 will never exoeed a certain small quantity of the first order, We
may thus write

0] [infede <8,

where n is a finite factor, and & a ‘certain small quantity of the
first order, . ' 1

9. Representation of the Vibratory State of Motion by Quantities
Fridependent of the Time,— To get equations which define uni-
formly the vibratory motion we can now make use of the property
of the field, that it is determined uniquely by the energetio veloe-
ity A, in connection with the velocity of expansion E. The motion
will thus be definitely determined by the two equations,

(=) . A =4 A1),
() £=E_f1)
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re A, and B are quantities independent of the time, but
ying of course from purticle to particle, As to their absolute
ues, these constants are the quadratio mean valaes of the ener-

¢ veloeity A and of the velooity of expansion K. For, from -

ation (8, ¢}, we get
L
A= _f A,

1 per

B = [ :
~constants A, and E, for different particles in space may
e difforent signs. These are always given by the equations
and {a,), and the rale of signs may be expressed thus; the
tities A, and &, have respectively always the same sign as
variable quantities A and % had at a certain initial time. The
lute signs thus attributed to A,, and E, have no great im-
ance, but it is important that this rule determines perfectly the
« which the different quantities A, and ¥, have relatively to
other,

ith regard to the motions determined by (), we can conelude
the property (8, ¢) of the function f, that the energetio veloeity

uces displacemenis from the mean position of the particle, -

h never exceed u certain small quantity of the first order,
in the same way we conclude, that the change of volume pro-
d by the periodic velosity of expansion and contraction never
:ds & small quantity of the same order. This has the impor-
consequence that, neglecting small quantities of the first order,
w eonsider the specific volume, a, of the fluid as constant, ex-
of course, in cases where it has to undergo a differentiation
respect to the time,

cording to this, it is easy to write the explicit expressions of
ctual velooity A and of the specific momentum a, Doing

A=4A/0)
a=a_ft).
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For the substitution of these expressions and the expressions (a)
in the equations (7, @) shows thai they satisfy them, if the quanti-
ties independent of the time satisfy the equations

A, =on, + A,
(e) curl a, =0,
diva, = I,
in uun;lecbion with the conditions for the exterior fluid
(d) a=ay, A, =0, E, =0

Tf these equations be satisfied, (5) wilI} :atisfy the equations and
nt the solution, as there exists but one. .

reel‘r:seeequaﬁions (#), which the quantities A, 8, Ay B, sau‘ufy,
have exactly the same form as the equations (’i:, a).. They give,
therefore, for all times the same analogy to an uwx?r}able. electro-
magnetic field as the corresponding variable quani{tn:_a give foT a
single moment, The similarity is so gz-uaat. that it is not ew;n
necessary to introduce twe sets of notation. Tu pass from the
one form of the analogy to the other it is sufficient m change the
signification of the letters in the l:quﬂtior-\s (7, a); if thesfz quan-
tities are interpreted, not as the velocities fmd‘ the specific mﬁf
menta themselves, but as representing in the lnt}lcaftad manner il he
mean intensities of these quantities, they give .the geumelr!u
analogy existing at any time between the electric or m_aguelt:lc
field and the case of vibratory motion in the lnydn?dyuamlt_: ficld.

10, The Mean Value of the Fmeiniﬁc‘ﬂbrm?ﬂdd.—_mnnlly,
to examine the dynamics of the field we have to subetfltnte .the
expressions (8, a) and (9, b) in the equation of‘ energetic mo:‘.]l]on
(7, ¢) and perform the integration over a l.lell'l()d of the o:c;hn;
tions. Using the property (8, &) of the fanction f, we ﬂn' o
the left hand member of the equation disappears. : Designating by
£' the mean value of the exterior force f and using the property
(E, ¢) of the function f, we find

0 =1, — (divA)a, + el ve + 8,4,.7.



) FIELDS OF FORCE.

s equation shows that during the vibratory state of motion
external force will have to halance a mean force exerted by
system, which has the value s

fo=—(divaa, + falva + a,4,.v.

"he expression has again exactly the same form as the expres-
 for the force in the case of the momentary analogy, except that
V.arying quantities are replaced hy guantities independent of
time. The similarity of the expressions makes it unnecessary
se two systems of notation. 'We ean write the expression, for
force

f,= —(div A)a + fa'va + ad, v,

interpret, according to the circumstances, the quantities a and
 the momentary values of specific momentum and velocity, re-
tively or us the quantities which represent in the way indicated
mean intensities of these quantities., In one cass we arrive at
analogy which exists for « moment only, in the other case at
nalogy which exists independent of the time. Both analogies
the same degree of exactness, the geometric analogy being
, and the dynamic analogy being inverse, :
. We have thus arrived at this result, that in the case of
wory motion the hydrodynamic field can be described with
ence to geometric properties by the following formule,
A=aat A,
ourla =0,
divA = B,

her with the conditions for the fundamental flnid,

a=a, E=0, A =0,

this fluid system, in the supposed vibratory state of motion,
xert exterior forces tending to produce visible motions, which
iven by ¥ 3

f,=—(divA)a + ja'va + ad,v.
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In these equations all quantities are independent of the time.

But these equations are also the fandamental equations for an
electrostatic or for a magnetic system, except for the difference that
the force £, has the opposite direction. It is an open question
whether this expression for the elementary forces in the case of the
electrio or magnetic field is fandamental, or only a fietitious force
which gives the right value of the resultant force upon the whole
body.

We have suceeeded in proving this: the vibratory hydrodynamic
field has the same geowmetrio configuration as an dectrostatic or a
magnetic field. In the hydrodynamic field there are forces whose
resultant upon finite bodies oppositely corresponds to the correspond-
ing resultant forces in the electric or magnetic field. -

To show that this result gives the full explanation of all our

. .experimema with the pulsating and oscillating bodies we have

only to add one remark, In our experiments we used pulsating
and oscillating bodies constructed of solid mal_eria.l. On the
other hand, in our mathematical developments we have consid-
ered the bodies as fluid. Bui these fluid bodies are subject to the
action of forces which give the prescribed state of vibration, and
which are subject to no restrictive conditions. Nothing prevents
s, therefore, from adjusting these forces so as to give the fluid
bodies the same motion as they would have if they were con-
strueted of solid material. The reactions exerted upon them by
the surrounding fluid will then of course be exactly the same as
if they were constructed of solid material.

12, We have nothing to add to the demonstration of the anal-
ogy. But, to make ourselves better acquainted with it, we may
make a simple application of jt. In the analogy, for instance,
pulsating particles produce fields of the same geometric configura-
tion as electrically charged particles, and are acted upon by forees
oppositely corresponding to those acting upon the latter. Pulsating
particles will therefore act upon each other according to a law
analogous to that of Courone, except for the reversed sign of the
force. Introducing for the charges, or the intensities of pulsation
of the two particles
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e=[Edr, &= [Edr,
using the rational system of units, we get for this law

A
e a, 4w

ing the distance between the two particles, and a, the indue-
¥, or the mobility of the medium,

et us now imagine an investigator who observes the atiraction
the repulsion of the pulsating bodies, but who is not capable
bserving the water which transfers the action, or the pulsa-
s which set up the field in the water, He will then believe
he sees an action at a distance, following a law baviog the
e form as that governing the action at a distance between elec-
:d particles.

et us imagine that, as he proceeds in his further investigations,
noves one pulsating body, ¢, from point to point in the space
ounding the other, measures at each point the force F, and
w8 an arrow representing the value of Ffe'. He then arrives
he formal disposition of a field which is associated with the
ating body e, He has, no more than in the electrical case,
rmal right to attribute to this field a physical significance, or
ttribute to the recorded vector a physical existence, His ex-
ments give him evidence only of this, that there is a foree act-
at the point where he places his second charge, ¢'. But he
no evidence of the existence of a physical vector at this point
- he has removed the charge €',

ot in spite of this, he may try to change his view, He may
fine the existence of a medium which he does not see, and
e the hypothesis that the vector represents some state exist-
or some process going on, in this medium. In the electrieal
we have no direct evidence that this hypothesis is correct,
wgh thus far, the development of our knowledge of electricity
es it extremely probable that there must be some truth in it.
in the hydrodynamic case we have the full evidence: the
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medium exists ; it is an incompressible fluid, And the veetor re-
corded represents the specific momentum in the field set up in the
fluid by the pulsating body. Thus we get a verification by analogy
of the hypothesis which forms the basis of the whole modern
theory of electricity.

13, But now let our hydrodynamic investigator proceed still
further, Tet him conclude with MaxweLL, that the attraction
and repulsion between the pulsating bodies must depend upon
a stress in the medium. Following MaxweLL's developments
he will arrive at the expression of MAXWELL'S stresses, with
the reversed sign. But his conclusion in this case, that Max-
WELL’S stresses exist in the fluid and produce the attraction of the
pulsating body, is wrong. The stress that exists in the fluid and
produces the apparent actions at & distange is not MaXWELL'S
stress, but the isotropic stress or pressure in the fluid. We can-
ot conclude from this that Maxweri’s developments are also
wrong for the electric field. But we have full evidence that they
may be wrong, even in this case.

To return to the hydrodynamio case, it is easy to point oat
where the error comes in. MaxXwELL only introduces his stresses
to aocount for the forees which produce the visible motions. But
in the hydrodynamio field the stress or pressure has a double
taek ; fivst, to maintain the field, and seeond, to produce the visible
motions. And it is extremely remarkable that the stress whizh
has this double effect is a stress of much simpler patare than the
stress imagined by MAXWELL, which . produces only one of the
two effects. . ) y

When we developed the electromagnetic equation of activity
according to HEavisivs, we also met with the more general
atresses introduced by him, which reduce in simple cases to
MaxwELL'S etresses, We cannot test HEAVISIDE'S develop-
ments in the same way as Maxweri's. For we have no
hydrodynamic analogy extending to the electromagnetic phe-
nomena of the mast general type, from which he starts when he
forms the equation of activity. But the fact remains that the

15
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esses, even in HEAVISBIDE's theory, are introduced only to explain
 visible motion ohserved in the field, not the formation or main-
anoe of the field itself. And even Heaviside gives, while em-
uslsil?g the importance of the stress-problem, in different forms
sression to the unsatisfactory nature of our present solation of
Thus
“ Our attitude towards the general application of the special
m ‘uf the stress theoty obtained should, therefore, be one of
lermﬁc scepticism. This should, however, be carefully distin-
shed from an obstinate prejudice founded upon ignorance, such
displayed by some anti-Maxwellians, .. .+ ;
".It is natural te ask what part do the stresses play in the.prop-
ition of disturbances? The stresses and accompanying strains
i elastic body are materially concerned in the transmission of
tion through them, and it might be thought that it might be
same here.  But it does not appear to be so from the electro-
guetic equations and their dynamical consequences — that is to
» we represent the propagation of disturbances by particular
tions between the space- and the time-variations of E and H:
| the ellecl,romagnﬂtic stress and possible motions seem to b;
smpaniments rather than the main theme.”t
t may, therefore, be a question whether this will not be the
at problem in the theory of elestricity, to find a stress which
unis for both the formation and propagation of the eleatro-
netic field and for the visible motions of the charged or polar-
1 bc:dies, just as the pressure in the fluid accounts for both the
mation of the hydrodynamic field and for the visible motions
he pulsating or oscillating bodies.

Electromagnetic Theory, Val. I, p. 87,
Foe. oit,, p. 110, o

VIL
GENERAL CONCLUBIONS.

Remarxs oN METHODS OF RESEARCH AND OF INSTRUCTION

3 v TuporETIcAL Pryss.

1. The Problem of Fields of Force.—We have in the pre-
ceding lestures taken the term  field of force™ in & more general
sense than usual. From the electrie or magnetic fields we have
extended this term also to the fields of motion in a perfect fluid.
And this has been perfectly justified by the results obtained,
the most striking of which is the extraordinary analogy in-the
properties of the two kinds of fields, So far as the analogy ex-
tends, there is one, and only one, difference, the reversed sign
of the energetic forces, The relation of the electromagnetic and
the hydrodynamic fields may be compared to the relation be-
tween an object and its image in a mirror ; every characteristic
detail of the object is recognized in the image, but at the same
time there is the characteristic difference that left and right
are interchanged. But, however peculiar this difference may be,
it cannot hide the common siructure of the object and its image.

The digcovery of this extraordinary analogy gives rise Lo sev-
eral considerations, and one of the first is this : Has-our research
been exhaustive? Are the phemomena investigated by us the
only phenomens which bave the same general ‘structure as the
electromagnetic phenomena, or can still other phenomena with
corresponding fundamental properties be discovered ?

1 think that it is very improbable that our investigation has
been exhaustive, Fven within the domain. of hydrodynamics our
investigation has probably been incomplete. There are, indeed,
very strong indications that an analogy between electromagnetic
and hydrodynamic fields may be found with quite another cor-
respondence between the electrio and the hydrodynamic quanti-
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5. And if we no longer limit ourselves to the consideration of
ids, but pass to media of other and more general properties, we
y hope to find still other forms of the analogy, perhaps of even
ater generality.
2. Fields in Other Media than Fluids, — The question now
ses: Are not the laws which we have found so entirely depen-
it upon the fluid properties that it will be useless to look for
rilar laws when we pass to other media? To answer this ques-
n we have to look for the origin of the hydrodynamic analogy.
» then see that the geometric analogy had its origin to a great
ent in the equation of continuity, And, as this equation ex-
uses the prineiple of the conservation of mass, it holds for any
terial medinm, and furnishes the same basis for a possible geo-
tric analogy to electromagnetic fields,
On the other hand, the dynamic properties of the hydrodynamio
ds had their origin principally in the inertia of the flnid masses,
is is scen equally well in the elementary development of the
ses by the prineiple of kinetio buayancy and in the mathematical
elopments of Lecture V, where it is seen that the complete
ression of the energetic force develops from the inertia term of
hydrodynamic equation of maotion.
A brief consideration thus shows that the principal conditions
n which the hydrodynamic analogy to the electromagnetic fields
eloped, exist in any material medium, not alone in fuids.
- the special form which the analogy will take, its acouracy, and
extent, will depend upon the special properties of the different
lin. Thus the special properties of fluids admitted the exist-
» of an analogy which is perfectly accurate, if we except the
rse nature of the forces, but limited in extent. Tt will there-
be a most faseinating subject for research to examine whether
e exist media in which the accuracy of the analogy is pre-
ed, while its seope is widened, Or, in other words, to deter-
e the dynamic conditions of & medium in which the analogy,
 unaltered precision, has the greatest possible extent.
- The Fields in a Tranaverse Elastic Medium, — To examine
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the chances of progress along this line it will be advantageous to
consider briefly the fields in a medium with the common elastic
solid properties. Now it is well known that there is an exiex:-
sive geometrio analogy between the flelds of motion in an elastic
medium with properly adjusted constants and the electromagnetic
fields of the most general type. The coexistence and equivalence
of the two theories of light, the elastic and the electromagnetic,
proves thia perfectly. Tndeed, the electromagnetic theor:v of 1'1sz!.
originated from the analogy which MaxwELL succeeded in stating
between the equations for optical phenomena, developed by Fres.
NEL and his successors from the hypothesis of the transverse elas-
tie ether, and the equations which he had himself developed to
deseribe electromagnetic fields,

‘We will consider this analogy in the simplest possible case.  Let
the medium be homogeneous and isotropie, and, furthermore, .in-
compressible and subject to the action of no exterior force, U being
the vector displacement,  the specific volume, and p the constant
of transverse elasticity, the equation of motion of the medium is
generally written S .

(a) 2B =MV U.
As a and p are constants, this may be written
@
% = 7aull.
On the right hand side of the equation we pan now introduce
the velocity Y
. éu
(B) A= -
‘This member may at the same time be written in a modified forr,
the operation 7* being, for the solenoidal vector U, equivalent to
—carl®,  The equation may then be written
A

1
(e) w-- eurl? aplU = — curl a*p (ourl U )
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et us introduce now

B = — curl 3 u,
@
which we get
B 180 1
= aurl; o —uurl;A,

£ we introduce the specific momentum a according to the
tion,

A= aa, =
Ave
B
— =—curl a,

ot

he other hand, the introduction of (d) in (¢} gives

aA
F T curl pa®B.

: introduce
b = po®B,
nally takes the form
a.
24— curlb,

us we ean substitute for equation (a) the following system of
jons

A

-ét--aurl b,
B 1
= —ourla,

the veotors A and a, B and b are connected by the equa-

A=an,
B=Bb,
A has the signification
1
B et

DR eEs >
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But this eystem is the system of MaxwELL'S equations for a
medinm which is electrically and maguetically homogeneous and
isotropie, and which is the seat of no intrinsic electromotive or
magnetomotive forces.  And we get the following correspondence :

eleotrie flox . ... . . velooity
electric field intensity .. .specific momentum
magnetic flux....... . .courl of epegific mass-displacement

magnetic field intensity .. (eorl of sp. mass-displacement) pa*
electric inductivity. ... ..specific volume
magnetio inductivity . . . . density® (coeff. of elasticity

As is well known, we are free to give different forms to this
geometric analogy, We have used this freedom to choose a form
which makes the analogy a direct continuation of the hydrody-
namie analogy. £

The extent of this geometrio analogy is very great even though
we have avoided full generality by neglecting heterogeneities and
intringic forces. Tor it extends now to that point where the cross-
ing of eleciric and magnetic phenomena takes place, the point at
which the hydrodynamic analogy ceased.

4. Dynamics of the Ficld in the Transverse Elastic Medium, —
These well known developments, which lead 1o the geometric
analogy of electromagnetio and elastic fields, apparently give not
the faintest indieation of the existence also of a dynamic analogy,
corresponding to that which we kndw from the investigation of
the hydrodynamic field, which js quite the opposite of what we
should expect from our preceding considerations.

The explanation of this apparent contradiction is, however, im-
mediate. As we have remarked, the energetic force in the hydro-
dynamic fields originated in the ivertia term of the hydrody-
namic equation.  But the equation of motion of the elastic medinm,
as it is generally written (3, a), contains this term incompletely,
the local time derivation 8/8t being used as a first approxima-
tion for the individual derivation d/dt, which would give to the
left member of the equation its proper form.
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ot Us Tepeat, ‘therefore, the preceding development, but start-
with-the equation

1d4
ad eyt

ich the left member has its exact form, and in which we have
:d on the right hand side the exterior force f, which we sup-
, however, small in comparison to the elastic forces, The left
I member of this equation is identical with the left hand member
he hydrodynamic equation, and may be developed in exactly
same way, We may thus write, as in (V, 10),

e A=ca4 A,
then equation («) in the form

dA, :
g+ (divAja— ja'wa,

Fv(kaa’ + A, -a) + %

+ (curla) x A —aA v = 7?0 + 4,
%!p@lldil?g to (V, 10, d).  As the medium is supposed homo-
us and incompressible, this equation reduces to
1 da,
-V (foa’ + 4, ) + i T (eurl a) x A
—aA Y = pu7'U + f.
may now .he introduced in equation (), and the equation
sa}?nmted into two equations, just as in the case of the cor-
mding hydrodynamic equation, We thus arrive at the sys-
of equations

da .

a = H#V'U — v(ad, + jaa’),
I dA,
z —d-t-=f+u_v — {ourl @) x A,
e the first is that of the “induced,” the second that of the
rgetic ’ motion. .
e first of these equations differs from equation (a) only by

GENERAL CONCLUBIONE, 121

quantities of the order generally negleoted in the theory of elas-
ticity. If we agree to neglect these quantities, we may still de-
scribe the geomeiry of the field by the system of equations

a
Ti‘: =curl b,

B
—; = —curla,

ot

where now
A=oaa+ A,
B = £b.

But if we proceed to the second approximation, we have, besides
{hese equations describing the geometric configuration from time
to time, to consider another partiul motion, given by equation ().
And if we demand here that the energetic velocity be conserved
individually, dA jdi =0, we find that an exterior force f must
be applied, which has the value :

f=ad, v — (ourl a) x A.

This force inversely eorresponds to the exterior force which had to
be applied in the corresponding electromagnetic system, in order
to prevent the production ‘of visible motions due to the forces
exerted by the system upon intrinsic electric polarization, cor-
responding to A, and npon magnetia current, — curl a.

. This result thus gives a new and rematkable extension of
the analogy. And the fact that continued research leads to farther
extension of the analogy between the formal laws of the phenom-
cna, if not between the phenomena themselves, seems to indicate
that there exists a common set of laws, the laws of the fields of
foree, where the expression fields of force is taken in a suitably
extended sense. If this be true, the investigation of this common
set of laws and the discovery of all phenomena obeying them will
be one of the great problems of theoretical physics. And investi-

16
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ns suggested by this idea may perhaps, sooner or later, lead
to the discovery of the true nature of the electrie or mag-
- fields.

But investigations of this kind can be considered ns only
begun. And if we veturn to our result relating to the
o field, it is easy to point out its incompletencss. In this
we have not anly the well known geometric analogy, but
a dynamic analogy to the electrodynamic field, at least so
as we confine oor attention to the analogy between the
al laws of the phenomena, and not to the phenamend them-
8. And this dynamic analogy has exactly the same inverse
e ag in the cage of the hydrodynamie field. But it should
mphasized that this dynamie analogy, in the form in which
ave found it, has not the same degree of completeness as
reometric analogy. T pass over here the fact that we have
L to our development only a restricted form, by supposing
sedinm to be homageneous and incompressible, and thus ex-
ng beforehand heterogeneities and changes of volume, Most
* this gap can be filled. But the great drawback is this : the
mics of the electromagnetio field relates to two classes of forces,
leotric forces and the maguetic forces, while our analysis of
lastic field has led us to the discovery of only one class of
i, namely, forces which correspond to the eleetrio forces, ac-
ng to our interpretation of them; but we have discovered
nce of forees corresponding to the maguetic forces of the clee-
gnetic field. Tt is true that, making use of the symmetry,
o change the interpretation, comparing from the beginning
elocity with the agnetic, instead of the electric flux, The
: field will then, aseording to our analysis, give forces cor-
nding to the magnetio forces of the electromagnetic field, but
 cost of the complete disappearance of the forces which pre-
¥ corresponded to the elestric forces. '

Flinal Remarks on the Problem of Fields of Foree.— Tt is too
of course to consider this incompleteness as a decisive failure
» analogy in the elastic media. From the beginning there
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séemed to exist no dynamic analogy at all.  However, writing the
inertia-term of the elastic equation in its correct. form, we found
at once forces eorresponding to one class of forces in the elec-
tromagnetic field. But even in this form, the elastic equations
will generally be only approximations. For the expression of the
elastic forces is based upon Hooke's law of the proportionality of
ihe siresses to the deformations, and this law is an approxima-
tion only. Will the addition of the neglected terms, under cer-
tain conditions, bring full harmony between the eleciromagnetic
and the elastic field ? I put this question only to emphasize a
problem which is certainly worth attention. If the research be
carried out, it will certainly lead to valunble results, whether the
answer turns out to be positive or negative. And even if the
anawer be negative, the investigation of the fields of force will
not therefore be completed. Tt is not ai all to be expected that
the intrinsic dynamies of the electromagnetic field should corre-
spond to that of one of the simple media of which we have a
direct empirical knowledge. When the fields of these simple
media are thoroughly explored, so that we know how far the
analogy of their fields to those of electromagnetism goes, the time
will then have come, T think, to put the problem in another form :
What should be the properties of a medium, whose fields shall give
the completest possible analogy to electromagnetic fields ?

Even when the problem is put in this form, we have the advan-
tage that preparatory work of great value has already been dome,
The gyrostatic ether, which was introduced by MacCuLLaaH and
Lorp KeLviy, is a medium with very remarkable properties. As
is well known, the fields in this medium give as perfect a geo-
meiric analogy to the electromagnetic field as the elastic medium.
And the form of the expression for the energy in this medinm
seems to indicate the possibility of a dynamic analogy of greater
exient than that which is likely to be found in the case of the
common elastic medium,

Tt will be elear after these few remarks, that the problem of fields
of force is of vast extent. We are only at the beginming of it.
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Kinetic Theories. — The problem of fields of foree in this
ral sense evidently belongs to a class of problems which has
present in the minds of the natural philosophers from the
beginning of our speculations with- regard to nature; but
nethod of stating the problem has changed.
om the very first of human epeculations on the phenomena
ature strong efforts have been made to construct dynamie
ls of these phenomena, These dynamio models seem fo be
wtural way to render the phenomena of nature intelligible
e human mind. T need only remind you of the efforts
e old philosophers of the atomistie school, such as Demor-
s or Errcurus, or.of philosophers of later time, like Dgs-
8. Or I may mention a long series of theories of special
ical phenomens, for instance Huvemen’s, and Newron's
ies of light, theories opposed to each other, but both of them
mic theories.  Or T may remind you of the kinetic theory of
of BervovrLrl, KroNig, CLavsios, and Maxwerr, or of
WELL'S ingenious ideas of * physieal lines of force.”
t most of these speculations bave broken down more or less
letely.  OF the universal constructions of the atomists nothing
i except the building stones themselves, the atoms, which,
ver, have remained to this day an indispensable idea to the
al philosopher. DescarTes’ theory of universal vortices
he same fate.  But though it fell, it left germs of fraitful
leading in the direction of the fields of force, NEwron's
v of light also broke down. But it did not exist in vain.
he fact that phenomena of radiation could be explained ac-
g to his principle immensely fucilitated the interpretation of
sw phenomena of radiation, discovered in vacuum tubes and
lioactive substances. The theory of light of Huyanens and
NEL is still unshalen, if it is considered merely as an abstract
ation theory. But it is open to doubt whether it still exists
original form as a theory which explains the phenomena of
on dynamic principles. For a dynamie theory of light will
7 be satisfuctory before we have a dynamio theory of electro-
etism.
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This fate of dynamic theories which have had the unanimous
support of all physicists may also bring into a dubious light dy-
namie theories which are still highly appreciated, as, for instance,
the kinetic theory of gases. Ag a matter of fact, a strong reaction
against dynamic theories has appeared.

9, The Relation of Kinetic Theories to the Phenomenological
Principles of Research, — Reactions against exaggerations are
always wholesome, On the other hand, it is a law of nature that
reactions, nsually go to exaggerations. In accordance with this
law, the energetic school developed. T will not enter upon the
exnggerations of this school. But it has done good by em-
phasicing  phenomenological research, the principles of which
were developed especially by Professor Macm at Vienna, pre-
vious to the formation of the energetic school, and without its
exaggerations,

" The leading principle of Professor Macn is, that the phenomena

of nature should be investigated with perfect impartiality and free-
dom from prejudice that the research should lead ultimately to a
kinetie theory, or to any other preconceived view of natural phe-
nomena. If this idea be carvied out with perfect consistency, it is
necessary, of course, not only that we should avoid the positive
prejudice that the physical phenomena are ultimately phenomena
of pure kinetics, but that we should also avoid the negative preju-
dice that the phenomena of nature are not ultimately kinetio.
The principles of phenomenological research are therefore, rightly
understood, not hostile to kinetic research, if this be only con-
ducted with perfect impartiality, < . 4

If this be admitted, the extreme importance of kinetie research
will not be denied by the adherents of the phenomenalogical
principles of research. For no unprejudiced observer will deny
that physical phenomena are inextricably interwoven with kinetic
phenomena,  Neither will he deny that sur power of kinetie
research exceeds by far our power of every other kind of phyeical
vesearch, The reason is obvious, We are all kinetic machines.
Tnstinctive kinetic knowledge is laid down in our muscles and




FIELDS OF FORCE.

es a8 an inheritance from the accumulated dynamic exper-
e of our ancestors, and has been further developed without
rruption from the time of our first motions in the eradle,  And
hermore, while we have this invaluable instinetive knowledge
he fundamental principles of dynamics, we have at the same
- an objective view of dynamie phenomena as of no other
sical phenomena, from the fact that we have the power of
wing and controlling the phenomena of motion by several of
senses at the same time, while for other phenomena, such as
d, light, or heat, we have only one special sense, and for still
rs such as electricity, magnetism, or radioactivity, we have
pecial senses at all.

o wonder, therefore, that at the time when science grew up
umics soon developed into the model science, from the formal
t of view the most perfect of physical sciences, and in this
ect second only to pare mathematics, This also explains why
dynamic side of physical phenomena has always offered the
point of attack for research, while, on the ather hand, it gives
obvious reason why we may be tempted to overestimate the
e of our dynamic constructions,

1t if a reaction against exaggeration has been necessary; noth-
can be gained by giving up advantages which, for subjec-
reasons at lenst, are combined with the kinetic direction of
rch, whatever be the final objective result of these researches.
reaction has taught us that problems should be stated in a
wotly nnprejudiced way.

). The Comparative Method. — 1t is such & way of conducting
investigation of the relations between physies and kinetics,
h we have tried to realize in these researches on fields of force.
essence of the method is, that kinetic systems are made the
ot of pure phenomenological research.  Their laws and pro-
es are made the subject of impartial investigation, but with
ant attention to the analogies and the contrasts between the
found for the dynamic system and the lawe of physical
omend,

GENERAL CONCLUSIONS. 127

And this comparative method is applicable fur outside the
limits of our special problem of fields of force, Indeed, it is the
method used by sueh authors as Bovrzwvaww, HELMHOLTZ,
Herrz, and Winnarp Grees, in their profound researches in the
dynamical illustration of physical laws and phenomeni, especially
those of heat and thermodynamies. These researches are un-
completed, just as are our researches on fields of force, and will
probably remain so for a long time. But the more they have
advaneed, the stronger has been the demand for rigorousness of
methods ; the more have the methods of construction been foreed
back and the impartial comparative methed -advanced. And no
one has emphasized conservative and safe methods more strongly
than WiLLarp Giees. In the preface to the last work which he
has left us he expresses this in the following plain words :

# Difficultice of this kind have deterred the author from at-
terpting to explain the mysteries of nature, and have forced him
to be contented with the more modest aim of deducing some of

_the more obvious propositions relating to the statistioal branch of

mechanics, Here there can be no mistake in regard to the agree-
ment of the hypotheses with the facts of nature, for nothing is
assumed in that respest. The only error into which one can fall,
is the want of agreement beiween the premises and the eonclu-
sions, and this, with care, one may hope, in the main, to avoid.”

His method is exactly the same as that which we have tried to
employ, namely the impartial research of each branch of physics
by itself, but with comparison of the resulting laws, and with the
greatest possible caution with respect to the conclusions to be
drawn from the analogies and the eontrasts presenting themeselves.
The method is that of comparative anatomy.  Is it oo sanguine
a hope, that this method will, sooner or later, unveil for us the
relations of the different physical phenomena, just as the methods
of comparative anatomy successively give us an insight into the
relation hetween the different kinds of living beings ?

11. On the Vatue of the Comparative Method for Fastruction
in Theoretioal Physics. —T cannot leave the discnssion of this com-
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tive method without seizing the oceasion to emphasize its value
in instruetion in theoretical physics, The results obtained
his method and the discovery of similar laws in apparently
ectly different branches of physics makes an unexpected con-
ration of instruction possible. And if the principle be carried
and similar facts presented in similar ways, the analogies will
itate, to a degree not to be overestimated, the power of the
ent to comprehend and assimilate the matter.  Especially will
be the case when the analogies give us the opportunity to
w light upon obscure theories, such as those of the electromag-
¢ field, by means of perfeetly plain and comprehensible theories
1 a8 those of the hydrodynamic field, in which every step can
nude by rigorous mathematical eonclusions, by elementary in-
live reasoning, or by experiment.
ind yet, this saving of labor, so imperatively demanded in our
s whenever possible, is perhaps less essential in comparison
1 the independence relative to the methods and the results,
ch the student will gain when he observes how similar methods
be used, and similar laws obtained, in apparently widely dif-
nt branches of physies. This will teach him to judge betier the
e of the methods, and give him independence of view for his
re work as an investigator,
'he arrangement of instruetion aocording to prineiples by which
analogies at our disposal are used as much as possible for the
efit of the student, is a problem which has its own charm, in-
mtarily attracting the attention of the investigator engaged in
arch on these analogies. Time does not allow me to enter
n the details of my experiments in this direction. But hefore
sluding these lectures, I wish to answer an objection, which
ng to lie near at hand, against the use to a greater extent of
e analogies in instruotion,
2, Theory and Practice. — It seems to be an obvious reflec-
, that instruction conducted aceording to the plan thus indi-
d will be of an exceedingly abstract nature, tending to deyelop
purely theoretical direction, and to draw attention away from
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practically useful points, To take the nearest example: hydro-
dynamics is useful if it teaches ns to understand and caleulate
water motions ocenrring practically. Now water is practically
homogeneous and incompressible, and hydrodynamics of practical
use will have to direct the attention to the investigation of the
motions of this simple medium, and not to the abstract fluid sys-
tems considered by us, with density and compressibility varying
according to Jaws never oceurring practically.

I was of this opinion myself when I commenced my study of
these extraordinary fluid systems, Nothing was further from my
thoughtd than to expect practical results from investigations of
this abstract nature. But as the result of conversations with sei-
entific frlends who were interested in the dynamics of the ocean
and the atmosphere, T happened to see that certain theorems
which T had developed to investigate the motions of my abstract
fluid system had immediate bearing upen the motion of these two
media. And the reason why these theorems had not been discov-
ered a long time before was obvieus, To work out the seicnce
of the motion of fluids in a practieal form investigators had
always considered the fluids as homogeneous and incompressible,
or, in the most general case, as compressible according to an
idealized law, so that the density depended upon the pressare
only. But these very suppositions precluded from consideration
the primary causes of the motions in the atmosphere and the
sea.  For these primary causes are just the differences of density
which do siot depend upon the pressure; but on other causee, such
as differences of temperature and salinity in the sea, and differ-
ences of temperature and humidify in the atmosphere. While
the old theorems of the practical bydrodypamies did mot allow
us to take up from the beginning the discussions of the cireu-
lations of the atmosphere and the sea, the thoerems which I had
developed for my impractical fluid systems gave ab once a very
simple view of the atmospheric and oceanic circulations. If, there-
fore, it be considered a question of practical importance to mas-
ter the dynamics of these two universal media on which we
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an beings ave in such a state of dependence, then the methods
iis theoretical hydrodynamics ave not impractical. And T
ot think that this is an isolated fact. For the more we ad-
e in theoretical and practical research, the more we shall dis-
r, [ think, that there is really no opposition between theory
practice.

hope that you will allow me to exemplify this in the addi-
1 lecture to-merrow, in which I shall consider the hydrody-
o fields of force in the atmosphere and the sea.

APPENDIX,

Vecror Noraton axp Vecror Formuorns.
A vecior with the rectangular components A,, 4, 4, is desig-
nated by A,
A vector with the rectangular components B,, B, B, is desig-
nated by B. i
A vector with the rectangular components O, €], €, is desig-
nated by C.
Veotor Sum. — The three sealar equations,
4 A + B =C,
4,4+ B, =0,
A +B,=0C,
are represented by one vector equation,
(1) A+B=(.

C is called the vector sum of the two vectors A and B.

Soalar Product, — The scalar quantity 4,8, + 4 B, + 4B, is
designated by A-B and called the scalar or doi-product of the
vectors A and B, )

() AB=AB +4B +AB,
Veetor Produet, — The three soalar equations, .
AB —AB =0,
AB —AB =0,
AB —AB =0,
are represented by one vecior equation,
(3) AxB=C.
The vector C is called the veetor- or cross-product of the two

vectors A and B. The definition states that the vector product
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